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Abstract. Lorentz transformations are fundamental to every part of modern
physics, from particle physics to general relativity. In the standard theories,

they are always taken to generate the Lorentz group, or a closely related group

such as the restricted Lorentz group or its double cover, the relativistic spin
group. In mathematics, more general constructions are possible, some of which

may be useful in reaching beyond current physical theories, and perhaps to
explain observations that are currently unexplained.

1. Introduction

Group theory [1] is used in many places in fundamental physics, from the Lorentz
group SO(3, 1) and the general covariance group GL(4,R) used in relativity [2, 3, 4,
5], to the gauge groups U(1), SU(2) and SU(3) used in particle physics [6, 7, 8, 9].
Since the establishment of the standard model nearly 50 years ago, many attempts
have been made to find ways of linking these groups together to create a more
unified theory of one kind or another [10, 11, 12, 13, 14, 15, 16]. None has so far
been generally acknowledged to have been successful.

In [17] I tried to analyse these groups from a purely group-theoretical point of
view, to see if I could find a new way to look at the problems, that might suggest
a new way to attempt to solve them. I looked at three different scenarios, either
looking to transplant the groups from relativity to particle physics, or from particle
physics to relativity, or to take a purely quantum approach based on finite groups
instead. I rejected the second, as being apparently incompatible with the special
theory of relativity. The first approach showed some promise, and is related to
other approaches based on Clifford algebras [18, 19], but ran into difficulties in
relation to the strong force. The third approach [20] also showed some promise,
since the gauge groups arose naturally out of a more fundamental structure, namely
the group algebra [21] of a finite group. But this led to three different versions of
spacetime, and no clear structure to relate them to each other.

These papers therefore suggest that it might after all be worth investigating the
second approach in more detail. They also suggest that the fundamental problem
may not after all lie in the difference between finite and infinite, real and complex,
split or compact, or orthogonal and unitary, but may instead lie in the 3-dimensional
nature of particle physics versus the 4-dimensional nature of relativity. Introducing
groups acting on 4 dimensions into particle physics was first tried by Pati and Salam
[11] in the 1970s, but was not successful. Attempts to use the group GL(4,R) as a
gauge group for quantum gravity by directly quantising general relativity [22, 23]
have likewise been unsuccessful.
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These facts suggest that these essentially 4-dimensional groups may not be as
fundamental as is usually thought. In other words, their use in relativity may de-
scribe only approximate symmetries, that are useful in practice but obscure the
fundamental structure of the physical universe. Hence in the current paper I pro-
pose to investigate the possibility of unification with a group that is fundamentally
3-dimensional, whether that be GL(3,R), SL(3,R), SU(3), SL(3,C) or some other
similar group. Since this includes the perhaps controversial suggestion that the
Lorentz group [24] itself describes approximate rather than exact symmetries, it is
first necessary to examine in some detail the Lorentz transformations and the way
they combine into groups.

2. Lorentz transformations

2.1. One-dimensional space. The basic Lorentz transformation on 2-dimensional
spacetime is given by the matrix

γ

(
1 −v

−v/c2 1

)
(1)

where v is the relative speed of two observers, c is the speed of light, and γ is a
scale factor to ensure that the determinant is 1. Thus

γ = ±1/
√

1− v2/c2.(2)

In physics, the positive square root is taken, since the negative sign involves negating
the time coordinate, and is therefore regarded as unphysical.

Now γ is real, since v < c, and the eigenvalues γ(1 ± v/c) are both real. The
eigenvectors, as columns, are X± := (±c, 1)T , and correspond physically to massless
particles travelling at the speed of light in the positive and negative x directions, say.
One can therefore choose coordinates for 2-dimensional spacetime to diagonalise this
matrix as (

λ 0
0 λ−1

)
:= γ

(
1 + v/c 0

0 1− v/c

)
,(3)

where λ is a positive real number, but otherwise unrestricted. As v changes from
−c to +c via 0, the parameter λ changes from 0 to ∞ via 1.

These coordinates describe the geometric behaviour of Lorentz transformations
acting on one component of the hyperbola

x+x− = 1.(4)

Mathematically, of course, it is more natural to act on the whole hyperbola, by
allowing both signs for the square root. But the negative sign is usually excluded,
since it is interpreted as reversing the time coordinate, which is clearly not a sym-
metry of macroscopic physics as we see it. At an elementary particle level, however,
time reversal appears to be a perfectly legitimate process, as long as we reverse an
odd number of space coordinates as well, and negate the charge.

The full group of Lorentz transformations on one dimension of space and one of
time is isomorphic to the multiplicative group of all non-zero real numbers, R×6=0.

We can either regard this as the group SO(1, 1) of all determinant 1 isometries of
the Lorentzian metric x2 − (ct)2, or as the group GL(1,R) of all invertible 1 × 1
real matrices.
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2.2. Two-dimensional space. Group-theoretically, there are two distinct possi-
bilities for generalizing to 2 space dimensions. We can either generalize SO(1, 1)
to SO(2, 1), or we can generalize GL(1,R) to GL(2,R). Both mathematically and
physically these two options are quite different. But there is an isomorphism be-
tween SO(2, 1) and the quotient of GL(2,R) by the scalar matrices, thus:

PGL(2,R) := GL(2,R)/R×6=0
∼= SO(2, 1).(5)

Hence it is easy to confuse the two options, perhaps without even noticing that
they are different.

There is an important difference, however, in that SO(2, 1) is a symmetry group
written in a way that depends on a particular observer’s choice of x and y coordi-
nates, while GL(2,R) is a symmetry group that is independent of the observer. In
particular, the latter contains a positive real scalar that is not in the former, and
might be interpreted as a universal concept of energy or mass, as well as a sign
that is used in quantum mechanics but not in relativity, and might therefore be
interpreted as a universal concept of spin, related to charge.

Another important difference lies in the treatment of time. The group SO(2, 1)
uses a basis x, y, t for spacetime, compatible with our everyday experience. But
GL(2,R) must use something like x ± ct, y ± ct, and thereby treats spacetime as
an emergent concept, with an only local meaning, much as in general relativity.
It is possible, therefore, that this approach may lead to a method of incorporating
gravity into the theory, different from the geometrical approach of general relativity.

2.3. Three-dimensional space. To see that these groups really are different, we
have to consider what happens when we extend further to three dimensions of
space. The two options now are SO(3, 1) and GL(3,R), which are completely
different groups and cannot be confused with each other. The former describes the
symmetries of spacetime from the point of view of a specific observer, while the
latter describes the symmetries of spacetime in an observer-independent way. They
are therefore both useful groups, each applied in the appropriate context.

For example, SO(3, 1) is used in contexts in which motion through spacetime
relative to the observer is of the essence of the phenomenon being studied. This
includes electromagnetism, for example, in which the central concept is a current,
or the motion of charged particles. In standard physics it is also used in general
relativity, as a theory of gravity, in which there is no obvious requirement for
motion relative to an observer to be taken into account. It may therefore be worth
considering the possibility of converting to observer-independent coordinates and
using GL(3,R) to describe gravity.

Within particle physics, quantum chromodynamics as a theory of the structure of
particles such as the proton uses the group SU(3), together with a complexification
that effectively extends the group to SL(3,C). This is close to the group GL(3,R)
that is generated by Lorentz transformations, and it may therefore be worth asking
the questions (a) whether the complexification is actually necessary, or whether
SL(3,R) is sufficient, and (b) whether the scalars can provide additional physical
structure, such as a mass. Much the same questions can be asked about quantum
electrodynamics, as a theory of the structure of atoms. The group here is Dirac’s
‘relativistic spin group’ SL(2,C), and the corresponding question is whether it
might be better, or at least possible, to use GL(2,R) in place of SL(2,C)?
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This suggestion is, of course, at odds with the conventional interpretation of the
Dirac group SL(2,C) as a double cover of the restricted Lorentz group SO(3, 1)◦.
The mathematical isomorphism between PSL(2,C) and SO(3, 1)◦ was originally
used as an ‘analogy’ between quantum mechanics and special relativity, in the
pioneering work on foundations of quantum mechanics in the 1920s. Elevating
this analogy to a physical identity is a feature of all the usual interpretations of
quantum mechanics, but is not necessarily justified by the facts. Indeed, the Dirac
group describes observer-independent properties of the structure of atoms, while the
Lorentz group describes observer-dependent properties of macroscopic spacetime.
Hence it would seem to be prudent to keep the physical interpretations of the two
groups separate.

2.4. Coordinates. The questions I wish to address in this paper are all to do with
the choice between observer-dependent coordinates and observer-independent co-
ordinates for various parts of the fundamental theory. Mathematically, the Lorentz
group (observer-dependent coordinates) arises from extending the basis x, t to

x, y, z, t.(6)

Observer-independent coordinates can be thought of in terms of extending the
diagonal basis ct± x to

ct± x, ct± y, ct± z.(7)

But this is not a basis for spacetime, as it contains some redundancy. So we are
forced to break the symmetry somehow. One possibility is to break the symmetry
between the x, y, z coordinates, for example by choosing three ‘left-handed’ terms
and one ‘right-handed’, or vice versa, say

ct− x, ct− y, ct− z, ct+ z.(8)

This reduces the symmetry group to GL(1,R)×GL(2,R), or the split real form of
U(1)×U(2), so seems a suitable basis for discussion of the weak nuclear force, and
its ‘mixing’ with quantum electrodynamics [6, 7].

An alternative construction is to replace the right-handed term by a pure time
coordinate, in order to avoid the necessity of choosing a particular direction in
space, but instead breaking the symmetry between space and time, thus:

ct− x, ct− y, ct− z, ct.(9)

This seems like a suitable basis for discussion of gravity, the three generations of
fermions and neutrino oscillations.

Another alternative is to impose a complex structure on the six spanning vectors
ct±x, ct±y, ct± z to turn it into a 3-dimensional complex space. The obvious way
to do this gives a scalar product

3(ct)2 − x2 − y2 − z2,(10)

suitable for discussion of SU(3) and the strong force [8, 9]. At this point the
interpretation of x, y, z, t as coordinates for spacetime has perhaps been stretched
too far, but it is possible that interpreting the strong force in terms of Lorentz
transformations might shed new light. These coordinates also suggest another
context for the weak force and quantum electrodynamics, breaking the symmetry
here into U(1) acting on ct ± z and SU(2) acting on ct ± x, ct ± y, where ct ± z
represents a choice of an observer-independent direction in (‘internal’) space.
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2.5. Contexts and questions. The questions I have raised arise in the contexts of
the four fundamental forces, and take different forms in each case. In this paper, I
shall examine in detail both the weak force and gravity, and leave electrodynamics
and the strong force for another paper. The questions that arise in the case of
the weak force include the symmetry-breaking of the gauge group from SU(2) to
SL(2,R), the relationship to chirality in physical spacetime, the question of where
the three generations of fermions come from, and why the neutrinos appear to
oscillate between generations, without having an otherwise detectable mass.

Some questions that arise in the case of gravity include the effects of the fi-
nite speed of propagation, the problem of quantisation, including the identity and
properties of the (hypothetical) graviton, and the identity and properties of the
(hypothetical) dark matter and dark energy. The central questions have to do with
the difference between gravity in a stable 2-dimensional environment such as the
Solar System, and a general unstable and/or 3-dimensional system. The breaking
of symmetry between space and time might also allow us to examine the Big Bang
(which is an origin in time but not in space) and black holes in a different way from
currently favoured models.

In electrodynamics there is a wide range of questions to do with the foundations
of quantum mechanics, and its interpretation. By removing the interpretation of
SU(2) as a double cover of the rotation group SO(3), and replacing it by the
real form SL(2,R), we might see quantum electrodynamics as a 2-dimensional
approximation to a more general 3-dimensional theory, so that there could be some
hidden variables in the general theory that might have the potential to throw light
on some of the deep and difficult problems, such as the measurement problem.

In QCD, changing the gauge group from the compact real form SU(3) to the
split real form SL(3,R) has an effect on the gluons, which thereby acquire a close
relationship with the neutrinos that are the hallmark of the weak interaction. This
might permit us to re-examine the problems of weak-strong unification, and in
particular the origin of the parameters in the Cabibbo–Kobayashi–Maskawa matrix
[25, 26]. More generally, if (and it is a big ‘if’) by this stage we have succeeded in
using GL(3,R) as a symmetry group for all four fundamental forces, the prospects
for complete unification will be good.

The first requirement for these proposals is that they don’t try to fix what ain’t
broke. In the case of the weak force, and quantum electrodynamics, all individual
particle interactions happen in 2-dimensional space, by conservation of momentum.
Hence they are not affected by the proposed changes. Differences only appear in
cases when a particle travels through space, and interactions are recorded at both
the beginning and the end. This applies for example to all weak-interaction exper-
iments to do with terrestrial neutrino oscillations [27], and also to the mysterious
CP-violating properties of beams of neutral kaons [28]. Therefore my proposals can
be tested by experiments of this type.

In the case of gravity, the three classic tests of general relativity are all essentially
2-dimensional tests, not 3-dimensional. These are the prediction of the anomalous
perihelion precession of Mercury, bending of light and gravitational redshift. Hence
these tests do not distinguish my proposal from general relativity. A genuinely
3-dimensional effect may occur in satellite flybys of the Earth, in which anomalies
occur [29] that are not explained by general relativity. Hence these observations
may again provide a useful test of my proposals.
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The main thrust of the argument is devoted to two topics. First, in Section 3
I discuss the chirality of the weak interaction, the three generations of neutrinos,
the experimental fact of neutrino oscillations, and the resulting ‘neutrino mass
problem’. Second, in Section 4 I discuss the symmetry groups of Newtonian gravity
and general relativity, the anomalous perihelion precession of Mercury, propagation
of gravitational waves, and the ‘missing mass problem’ in cosmology.

3. Neutrinos and the weak interaction

3.1. Helicity and chirality. The central issue here is which of the two series

GL+(1,R)→ SL(2,R)→ SL(2,C),
GL+(1,R)→ SL(2,R)→ SL(3,R)(11)

gives a better description of the properties of neutrinos and the weak interaction.
These two cases agree as far as 2-dimensional space is concerned, where the group
SL(2,R) occurs, but they differ in the 3-dimensional form. Therefore it is quite hard
to distinguish these two cases experimentally, since they cannot be distinguished
by any experiment that is intrinsically only 2-dimensional.

In 3 dimensions, however, the question boils down to distinguishing carefully,
both theoretically and experimentally, between the ‘helicity’ of electromagnetism
and the ‘chirality’ of the weak force. The description of the coordinates in the
various cases in Section 2.4 suggests that this distinction may indeed lie in the
difference between SL(2,C) and SL(3,R).

3.2. Three generations. The standard model effectively uses a mixture of the
two series of groups, in the sense that it uses SL(2,C) from the first to describe
the elementary particle spin, and uses SL(2,R) from the second as a gauge group,
that is a version of SU(2) in which the symmetry is broken. In principle, therefore,
it uses the product of these two groups

SL(2,R)× SL(2,C)(12)

to act on the Dirac spinor [30]. But the Feynman calculus that describes this
action does not use the whole of SL(2,R), only a copy of GL+(1,R) generated by
γ5. In other words, for any particular neutrino, in a fixed generation, the standard
model uses the 1-dimensional version, containing a 1-parameter group of ‘Lorentz
transformations’, however they might be interpreted.

The standard model does not use a symmetry group to describe the three gen-
erations, but the above description suggests that SL(2,R) may be sufficient to
describe two generations of neutrinos, and SL(3,R) might describe all three gener-
ations. The ‘Lorentz transformations’ in the three coordinate directions then act
like the weak force on three generations of leptons, and the group permits a linear
transformation of the three coordinates to a different basis for use with the quarks.

3.3. Electro-weak unmixing. This suggestion effectively separates out the elec-
tromagnetic forces described by the group SL(2,C) from the weak force described
by the group SL(3,R), or perhaps GL+(3,R). It still allows the adjoint represen-
tation of the group SL(2,C) to represent the electromagnetic field, quantised by
photons in the usual way. The 6 degrees of freedom can then be allocated as 3 for
momentum times 2 for polarisation as usual. However, this process relies on having
a complexification of the group, which would be good to avoid if possible. This
problem will be discussed in a forthcoming paper.
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But it also allows the adjoint representation of GL(3,R) to be allocated to neu-
trinos, and opens the door to a possible interpretation of the 9 degrees of freedom
as 3 for momentum times 3 for the generation. An interpretation of this kind is
possible (if and) only if neutrinos have no polarisation, so that they only have one
kind of spin, which the standard model calls left-handed.

3.4. Neutrino oscillations. There is, however, a fundamental problem with such
an interpretation, namely that the group GL(3,R) is not simple, and the adjoint
representation is not irreducible. Hence the 9-dimensional representation that we
wanted to allocate to 3 generations of neutrinos appears to be only 8-dimensional,
since the scalar matrices have been separated off. In particular, there is not enough
symmetry for the three generations to have three linearly independent momenta.
There is a duality between generations (rows, say) and momenta (columns) that
restricts the combinations that can exist.

This means that if the environment changes, so that the momentum relative to
the environment changes, then the generation must change as well. In other words,
this model predicts neutrino oscillations [31, 32, 33], although at this stage this
prediction is only qualitative, not quantitative. Moreover, these oscillations happen
independently of whether the neutrinos have mass or not, since they happen as a
result of the change in the environment, not as a result of an internal process.

3.5. Muon decay. This proposed explanation of neutrino oscillations uses a cor-
relation between the momentum of a neutrino and its ‘spin’, that in the standard
model is correlated with the spins of the particles that gave rise to the neutrino via
a weak interaction. The discussion has shown that the group GL(2,R) describes
the essential properties of muon decay, involving two generations of electrons and
neutrinos. For a muon at rest, the whole process of decay into three particles takes
place in a 2-dimensional space, which can be written in observer-independent co-
ordinates defined by the two neutrinos. In these coordinates, the two neutrinos are
defined by their generations, and not by their momenta. In particular, we can get
no information about the direction of the momentum of the resulting electron in
the observer’s frame of reference, unless we have some prior information about the
direction of spin of the incoming muon.

3.6. Beta decay. Beta decay of a neutron is a different process, and results in
only one neutrino, so cannot be written in observer-independent coordinates. The
relevant group, therefore, must be written as SO(2, 1) in observer-dependent coor-
dinates. Again, in the rest frame of the neutron, the decay products lie in a single
plane, and if we have the relevant information then we can take coordinates defined
by the spin directions of the incoming neutron and outgoing neutrino.

In this scenario, the GL(3,R) model implies that, depending on the convention
chosen, the angle between these two directions is either always acute or always
obtuse. This correlation is essentially what was observed in the famous Wu exper-
iment [34], in which radioactive cobalt-60 was magnetised, cooled to about .003K,
and isolated from the environment for long enough for the effect to become visi-
ble. This is the famous ‘chirality’ of beta decay. Group-theoretically, a chirality is
always a distinction between positive and negative determinant in a suitable repre-
sentation [21] of a suitable group (though not necessarily the representation or the
group you first thought of). Here the group is O(2, 1), and the ‘chirality’ is the fact
that only the determinant 1 part SO(2, 1) is used in the theory.
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But to describe this chirality as ‘left-handed’, as is standardly done, requires a
definition of which is left and which is right. Group theory does not provide such
a definition, which can only be provided by the physical environment. In this case
the cobalt-60 nucleus is locked in a gravitational coupling not only to the Earth,
but also to the Sun and the Moon. These gravitational couplings create a chirality
in the motion of the atomic nucleus, that can be detected if all other influences are
sufficiently carefully eliminated.

3.7. Symmetry-breaking. In the standard model, the groups GL(2,R) of muon
decay and SO(2, 1) of beta decay effectively appear as abstract groups, devoid of the
interpretations I have provided in terms of Lorentz transformations. They are both
considered to be manifestations of the gauge group of the weak force, so that they
are not clearly distinguished from each other in the theory. In the proposed Lorentz
model, one of them is observer-independent, and the other is observer-dependent.
Therefore, identifying the two groups has the effect of hard-wiring certain properties
of Earthbound observers into the model.

We have already seen that this is plausibly the case for the chirality of beta decay.
It is therefore likely to include properties of the CP-violating behaviour of neutral
kaons, and therefore the value of the CP-violating phase in the CKM matrix, as
well as the Weinberg angle. Hence to understand the symmetry-breaking, we have
to understand how the group SO(2, 1) relates to properties of the motion of the
laboratory on Earth. This is discussed in detail in [35], where some conjectures in
this direction are presented.

3.8. Evaluation. By using the group SL(3,R) to describe the spin of the neutri-
nos, rather than SL(2,C) as in the standard model, I have shown how it is possible
to model the three generations, the mixing of quark generations relative to lepton
generations, and neutrino oscillations, while explaining the ‘chirality’ of the weak
interaction, and not requiring a non-zero neutrino mass. Thus this group leads
directly to explanations of five characteristic experimental properties of neutrinos
and the weak interaction, none of which is explained by the standard model.

4. Classical and quantum gravity

4.1. Newtonian gravity. Newton’s universal theory of gravitation contains es-
sentially three fields. The first is a scalar mass field. The second is a 3-vector
gravitational field that acts between point particles. The third is a 5-tensor tidal
field that acts on extended bodies within a gravitational field. As representations of
the rotation group SO(3), the scalar spin 0 representation can be written as scalar
3 × 3 matrices, the vector spin 1 representation as anti-symmetric 3 × 3 matrices,
and the tensor spin 2 representation as symmetric 3 × 3 matrices with trace 0. It
is therefore possible to unify all three of these components into a single concept,
namely the algebra of 3 × 3 matrices. Therefore the group that is most naturally
associated with the force of gravity is the group GL(3,R) of all invertible 3× 3 real
matrices.

Newton’s theory works extremely well in situations in which the separation of the
three fields can be treated as constant, that is in situations in which the symmetries
are well described by the rotation group SO(3). This is not the case for planets
moving in highly elliptic orbits, so that Newton’s theory gives a slightly inaccurate
figure for such subtle effects as the precession of the perihelion of Mercury.
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To correct for this, it is necessary to generalise from a circular orbit described
by the group SO(2) to an elliptic orbit which requires the group SL(2,R). Alter-
natively, one can apply the standard theory of conics to change coordinates so that
the ellipse becomes a circle, at which point we have in effect two different copies of
SO(2) inside SL(2,R), one of which describes the coordinates in which the orbit
is circular, the other of which describes the coordinates in which the Sun and the
planet have (approximately) circular symmetry. It is then the relationship between
these two copies of SO(2) that determines the correction required. In particular, it
is possible to treat the problem, to first order, as a problem in 2-dimensional space,
rather than 3-dimensional space.

4.2. General relativity. Since the required correction is small, it can be approxi-
mated by a linear transformation. Moreover, the global structure of the group plays
no essential role at the local level, so that all that really matters is the structure
as a representation of SO(3), that is the sum of a spin 0, a spin 1 and a spin 2
representation. The Einstein tensor in general relativity [3, 4, 5] has exactly this
structure. It is therefore possible to calculate the required correction to the preces-
sion of the perihelion of Mercury, correct to first order, by using a theory based on
the Einstein tensor, using only the rotation group SO(3) as a group of symmetries.

It is slightly more difficult to ensure that the calculation is correct if one im-
poses SO(3, 1) as a group of symmetries, as Einstein did. But for a 2-dimensional
problem, it is sufficient to work in SO(2, 1), which is a quotient of SL(2,R) by the
scalars ±1. Therefore the two groups are capable of supporting the same calcu-
lations, with the proviso that the scalars might introduce a factor of 2 in certain
places. By imposing SO(2, 1) symmetry, Einstein effectively inputs the speed of
light as a parameter, and shows that gravitational waves propagate at the speed
of light. He therefore effectively incorporates a first-order correction to Newtonian
gravity, equivalent to that due to the finite speed of propagation of the gravitational
field. Of course, this is only approximately true, and only locally true, in a flat 3-
dimensional spacetime, so this is not how general relativity is usually interpreted.

Now a local correction for the finite speed of propagation does not depend on
the global symmetry group, so it does not matter for this calculation of a single
value whether one uses a global symmetry group SO(3, 1) or GL(3,R). The same
applies to any gravitational two-body problem anywhere in the universe, including
all the well-tested predictions of general relativity, such as gravitational lensing,
gravitational redshift and gravitational waves. But it starts to matter rather a
lot when one considers many-body problems, such as the structure and motion of
galaxies or galaxy clusters. Such problems are not local problems, so that the global
symmetry group is important.

4.3. The flyby anomaly. Indeed, it may already make a detectable difference
for three-body systems, such as a satellite moving in the Earth–Sun system. It
is shown by Hafele [36] that in this situation the flyby anomaly can be entirely
explained by correcting Newtonian gravity for the finite speed of propagation. My
proposal includes this correction by virtue of the change of basis given in equation
(9). The additional symmetry group that I propose has the effect of unifying the
tidal field with the direct gravitational field, but this unification is not relevant to
this particular problem, so that my model directly reproduces Hafele’s resolution
of the flyby anomaly.
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4.4. Modified Newtonian gravity. In fact, there is substantial evidence that
Newtonian gravity gets the motion of galaxies and galaxy clusters spectacularly
wrong. The first evidence that there were not enough stars in the Milky Way for
it to hold together in the way that it does, with Newtonian gravity alone, was
presented by Lord Kelvin in 1884. Increasingly general and accurate observations,
for more than a century, of galaxies all over the visible universe, have provided
more and more evidence that this is a genuine theoretical problem, and not just an
observational one.

Since the relativistic effects are much smaller than the anomalies, it really doesn’t
help much to use general relativity instead of Newtonian gravity. The usual ap-
proach to this problem is to introduce the concept of ‘dark matter’, that is, some
still unidentified form of matter that is hypothesised to form a large part of the
universe, in order to reconcile the calculations obtained from general relativity or
Newtonian gravity with the astronomical observations. While it is the consensus
view of cosmologists that this dark matter exists in physical reality, all attempts to
find it directly have so far failed, and there is a substantial minority view that it
does not in fact exist [37, 38, 39, 40, 41, 42].

Now let us see what happens if we use GL(3,R) as a symmetry group instead of
SO(3, 1). We can interpret this symmetry group as a subgroup of SL(4,R) acting on
the Ricci tensor, so that this approach gives us a range of possible generalisations
of general relativity. First note, however, that this 10-dimensional tensor is not
the same as the suggested formalism for 9-dimensional Newtonian gravity sketched
above. As representations of GL(3,R) these are

S2(1 + 3) = 1 + 3 + 6,
3⊗ 3′ = 1 + 8(13)

respectively, and only on restriction to SO(3) do these look similar:

1 + 3 + 6 → 1 + 1 + 3 + 5,
1 + 8 → 1 + 3 + 5.(14)

The latter describes the mass and the gravitational field, such that the massless
part is the adjoint representation of SL(3,R), which describes the propagation of
the field through space. The former describes the effects of gravity on matter, and
includes such concepts as the stress-energy tensor and the Ricci tensor in general
relativity. Under the action of SO(3, 1) these tensors break up as 1 + 9, defining
the Ricci scalar (used for the cosmological constant) and the Einstein tensor. On
the other hand, there is no action of SO(3, 1) on the Newtonian gravitational field,
either in its original 3-dimensional form or in the extended 9-dimensional form.

By ignoring the finite speed of propagation, as is normally done in the theory
of gravity, we can take GL(3,R) to act on space only, except that we require a
scalar action on the time coordinate in order to make the overall 4× 4 determinant
1. The physical dimensions of the three constituents are then T±2 for the scalar,
(LT )±1 for the vector, and L±2 for the tensor, with appropriate factors of the
speed of light where necessary. The obvious way to interpret the tensor is as a
classical Newtonian inverse-square law between two point particles at the specified
distance apart. It is a symmetric tensor, therefore having 6 degrees of freedom, since
Newtonian gravity is a symmetric force. The vector is then an inverse-linear law of
gravity, as hypothesised by the MOND (modified Newtonian dynamics) approach
to gravity in the weak-field limit.
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The scalar, similarly, has an obvious interpretation as a cosmological constant.
If this is correct, then the (inverse) time parameter appears to be related to the
(presumed) age of the universe. Precise identifications of parameters will require
much more detailed work, but this sketch already shows that by using the obvious
symmetry group SL(3,R) of Newtonian gravity, rather than the symmetry group
SO(3, 1)◦ of electromagnetism, we obtain a theory of gravity that agrees qualita-
tively with observation on a galactic scale, which general relativity without dark
matter fails to do.

4.5. Gravitational waves. It is clear by this stage that using GL(3,R) as the
symmetry group of gravity could potentially work better than using SO(3, 1) or
SL(4,R). For a quantisation, therefore, one should look for massless particles that
have GL(3,R) or SL(3,R) as a symmetry group. I have shown that the neutrinos
have such symmetry, and they are known to travel across the universe at high speed,
apparently almost completely ignoring everything in their way. They therefore have
at least some of the right practical properties for a force of gravity.

But there are two serious theoretical objections to any proposal to use neutrinos
as gravitons. The first is that neutrinos are fermions, but gravitons are supposed
to be bosons. The second is that gravitons must be massless, but neutrinos are
supposed to have mass. In fact, I have already dealt with both of these objections
in Section 3.4, and also, in a different way, in [20], so here is a quick reminder.

To answer the first objection, note first that any interaction between a neutrino
and a fermion is represented by a vertex in a Feynman diagram, which describes a
physical process that, by conservation of momentum, takes place in a single plane
in 3-space. Hence the interaction is described by the group Spin(2, 1) ∼= SL(2,R),
which incorporates the fermionic nature of the neutrino into its structure. My
model does exactly the same. It is only when an experiment involves a neutrino
propagating through space, and interacting with another particle at the beginning
and end of its path, that two vertices are required, and therefore the full SL(3,R)
symmetry group must be used, rather than SL(2,C) as in the standard model.

In particular, the group SL(3,R) describes how neutrinos propagate through
space, and splits as a spin 1 and a spin 2 representation. The spin 1 representation
can be interpreted as the Newtonian gravitational field, and the spin 2 represen-
tation describes the gravitational waves, quantised by the graviton, identified with
the neutrino. This shows how the neutrino can simultaneously interact with matter
like a spin 1/2 fermion, and propagate through space like a spin 2 graviton.

To answer the second objection, I have already explained how the symmetry
group SL(3,R) acts on neutrinos in flight in such a way that the generation at the
beginning and end can be different. This does not require extending to GL+(3,R),
and therefore does not require the neutrinos to have mass.

4.6. Prospects for a quantum theory of gravity. Hence it is consistent for us
to assume that neutrinos are massless and travel at the speed of light. I propose,
therefore, that neutrinos are the means by which the force of gravity propagates
through the universe. Of course, we cannot detect the individual neutrinos in the
same way that we can detect individual photons, except in certain very specific
interactions at specific energies. The whole spectrum of neutrino energies leaves
open the possibility of many types of interactions between neutrinos and matter
that we are not aware of, as well as interactions between neutrinos and neutrinos.
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In order to explain gravity in terms of neutrinos, we must suppose that there
is some kind of ‘black-body’ radiation of neutrinos, that depends only on mass, or
total energy, or some closely related concept. In particular, the rotational energy
of a rotating system must play some part in this process. So must the energy of
the Big Bang, which gives rise to the (hypothetical) cosmic background neutrinos.

These background neutrinos then contribute to the overall gravitational effect in
two ways. First, they interact directly with matter, causing an effect that is inverse
linear in distance and inverse linear in time from the particular event or events that
the neutrinos originated from. Second, they interact with each other, causing an
effect that is inverse square in time. If we regard the cosmic background as having
originated in a single event, which in some way seeded the galaxies we observe,
then this time separation can be regarded as the age of the universe. There are
of course other, more or less complicated, possibilities that may be suggested by a
closer look at the data [43, 44, 45].

These ideas for quantum gravity have little or nothing in common with the ideas
of string theory [46, 47] or loop quantum gravity [48], but seem to be more closely
related to the ideas of entropic gravity introduced in [49] and developed in [50],
as well as other ideas based on information theory [51]. The neutrinos themselves
carry information across the universe, and are therefore able, at least in principle,
to account for any information paradoxes that might arise from a theory that does
not include these neutrinos. Deeper investigation will be required to see whether
this applies to the black hole information paradox, but at least having a proposal
for where the missing information might be hidden may help.

4.7. Evaluation. By using SL(3,R) as a symmetry group of the gravitational field
rather than SO(3, 1), and thereby correcting for the finite speed of propagation,
I have shown that there may be a contribution to gravity arising from large-scale
events in the early universe, such as the Big Bang, that still have a residual effect
today in weak field environments, and could make a contribution of the right order
of magnitude to avoid the need to hypothesise any dark matter or dark energy.

At the same time, this group permits the possibility of massless neutrinos propa-
gating like spin 2 gravitons, while still interacting like spin 1/2 fermions with matter,
and also permits the same first-order corrections to Newtonian gravity that general
relativity introduces. This symmetry group therefore effectively does everything
that general relativity does for two-body systems, while offering a qualitative, and
to some extent also quantitative, solution to the problems of dark matter and dark
energy, and providing a basis for the development of a quantum theory of gravity
that reduces to general relativity in the 3-dimensional spacetime limit.

5. Conclusion

The Lorentz transformation is a basic transformation, of the utmost importance
for theoretical physics at all scales from the atomic nucleus up to the size of the en-
tire visible universe. Depending on the context, these transformations can combine
in different mathematical ways, and do not necessarily generate the familiar Lorentz
group. In particular, they can generate a group GL+(3,R), that is the group of
all 3× 3 real matrices with positive determinant. I have shown that there are five
significant advantages to using the latter group in place of the Lorentz group to
describe the ‘left-handed spin’ of neutrinos, and four more significant advantages
to using it to describe the symmetries of the gravitational field.
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This toy model, that deals only with the weak interaction and gravity, agrees
with the generally accepted models in 3-dimensional spacetime. It diverges from
the standard models only in 4-dimensional spacetime, where subtle effects and
anomalies such as neutrino oscillations, P-violation of beta decay, CP-violation of
neutral kaon decays, the flyby anomaly and the missing mass problem in galaxies
arise. It remains to be seen whether the new proposals can be reconciled with the
known properties of electromagnetism and the strong force.

Data availability statement

Data sharing not applicable - no new data generated.
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