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Abstract. There are exactly three finite subgroups of SU(2) that act irre-

ducibly in the spin 1 representation, namely the binary tetrahedral, binary
octahedral and binary icosahedral groups. In previous papers I have shown

how the binary tetrahedral group gives rise to all the necessary ingredients for

a non-relativistic model of quantum mechanics and elementary particles, and
how a modification of the binary octahedral group extends this to the ingredi-

ents of a relativistic model. Here I investigate the possibility that the binary

icosahedral group might be related in a similar way to grand unified theories
such as the Georgi–Glashow model, the Pati–Salam model, various E8 models

and perhaps even M-theory.
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1. Introduction

In a series of papers [1, 2, 3, 4] I have considered a number of options for using a
finite group in place of SU(2) as the basis for a potential finite model of quantum
mechanics. So far, the most promising option is the group GL(2, 3) of all invertible
2×2 matrices over the field of order 3, that consists of the numbers −1, 0, 1 subject
to the rule 1 + 1 = −1. However, the quarks are not immediately evident in this
model, so it is not necessarily the best of the available options. There is just one
further possibility that I have not explored in detail, namely the group SL(2, 5) of
all 2 × 2 matrices of determinant 1 over the field of order 5, that consists of the
numbers −2,−1, 0, 1, 2 with 1 + 2 = −2 and so on.
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Since this group has a 5-dimensional irreducible representation it maps into
SU(5) and may therefore be related in some way to the Georgi–Glashow model [5].
The group also has two unitary representations in two dimensions, and one in four
dimensions, so that it embeds in the gauge group

SU(2)L × SU(2)R × SU(4)(1)

of the Pati–Salam model [6]. A further reason for thinking that this particular
group might be useful is the fact that the ‘fermionic’ part of the group algebra
has a natural structure as a 15-dimensional space of quaternions. Each of these
quaternions can be expressed in 3 independent ways as a complex 2-space, which
gives us a total of 45 Weyl spinors, that is generally recognised as the exact number
that are required for the elementary fermions in the standard model of particle
physics. Of course, this triple-counting is not adopted in the standard model, so it
is not obvious that this process will actually work in practice.

But it is worth a try, since this is the only one of the binary polyhedral groups
that has enough spinors to provide a realistic prospect of modelling quarks in full. If
this does not work, then it more or less rules out the possibility of a discrete model
of quantum mechanics based on a finite analogue of SU(2). There has been some
interest in using this (binary icosahedral) group in physics [7], where its relationship
to E8, also described in [8], may be relevant for the development of potential E8

models [9]. There is however a widely held view that such a model is impossible,
since it does not appear to have enough spinors [10]. For further background on
the group SL(2, 5), also known as the binary icosahedral group, see [11, 8], and for
more general background on group theory and representation theory see [12, 13].

2. Representations of the binary icosahedral group

2.1. Fundamental representations. The group SL(2, 5) has order 120. It con-
tains a scalar group of order 2, and the quotient modulo scalars is isomorphic to
the alternating group Alt(5) of order 60. There are 9 conjugacy classes of elements,
represented by the following matrices:

±
(

1 0
0 1

)
,

(
0 1
−1 0

)
,±
(

0 1
−1 −1

)
,±
(

1 1
0 1

)
,±
(

1 2
0 1

)
.(2)

Writing these elements of the group as ±1, i, ±w, ±t, ±s respectively, the character
table [14] is as follows:

±1 i ±w ±t ±s
1 1 1 1 1 1
3a 3 −1 0 τ σ
3b 3 −1 0 σ τ
4a 4 0 1 −1 −1
5 5 1 −1 0 0
2a ±2 0 ∓1 ∓τ ∓σ
2b ±2 0 ∓1 ∓σ ∓τ
4b ±4 0 ±1 ∓1 ∓1
6 ±6 0 0 ±1 ±1

(3)

where τ = (1 +
√

5)/2 and σ = (1 −
√

5)/2. The horizontal line separates the
faithful (or ‘fermionic’) representations (in which −1 acts as −1) from the faithless
(or ‘bosonic’) representations (in which −1 acts as +1).
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The faithless representations are all real, while the faithful representations are
pseudo-real, which means they can be written as quaternionic matrices of half the
size. In particular, there are two representations as 1×1 quaternion matrices, which
are described in detail in [8]. For example, one can write i as the quaternion i, and
w as the quaternion (−1 + τi + σj)/2, from which the quaternions corresponding
to all the other elements of the group can be calculated.

Each representation can be specified by the action of the generators i and w.
The representations in dimensions 2 and 3 can be written as follows:

2a : i 7→
(

i 0
0 −i

)
, w 7→ 1

2

(
−1 + τ i σ
−σ −1− τ i

)

2b : i 7→
(

i 0
0 −i

)
, w 7→ 1

2

(
−1 + σi τ
−τ −1− σi

)

3a : i 7→

1 0 0
0 −1 0
0 0 −1

 , w 7→ 1

2

 τ −1 −σ
−1 σ τ
σ −τ −1



3b : i 7→

1 0 0
0 −1 0
0 0 −1

 , w 7→ 1

2

 σ −1 −τ
−1 τ σ
τ −σ −1

(4)

The other faithless representations are most easily written as deleted permutation
representations on 5 and 6 points respectively:

1 + 4a : i 7→ (1, 2)(3, 4), w 7→ (1, 3, 5),

1 + 5 : i 7→ (1, 2)(3, 4), w 7→ (1, 2, 3)(4, 5, 6).(5)

Another way to construct 5 is as a monomial representation, which can be obtained
from the permutation representation 1+4a by introducing some complex cube roots
of unity into the action. One way to do this is to replace the action of w by

w 7→ (1, 3, 5)(2, ω2, ω̄2)(4, ω̄4, ω4)(6)

where ω is a complex cube root of unity.
The other faithful representations are less easy to construct explicitly, but ab-

stractly they have the following descriptions:

4b = S3(2a) = S3(2b),

6 = 2a⊗ 3b = 2b⊗ 3a.(7)

In fact, the representation 6 can also be obtained as a monomial representation, by
inserting scalars into the permutation representation 1 + 5 so that

i 7→ (1, 2,−1,−2)(3, 4,−3,−4)(5, i5,−5,−i5)(6,−i6,−6, i6)(8)

and w stays the same. This version does not exhibit either of the tensor product
structures. Indeed, it is a well-known hard problem in computational representation
theory to find a tensor product decomposition for a representation that is known
to have one [15].
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2.2. Basic interpretations. If we assume that 2a and 2b represent the left-handed
and right-handed Weyl spinors, then their tensor product 4a is the basic spacetime
representation. Then 3a and 3b might represent colour and/or generation triplets,
so that potentially the tensor decompositions of 6 may give one half of the Dirac
spinor a colour label at the same time as the other half acquires a generation
label. The details of these tensor product structures on 6 are therefore likely to
repay further study. The fact that the tensor factors are not well-defined may
have something interesting to say about what properties are or are not physically
observable.

Now we might also want to interpret 4b as Dirac spinors in certain contexts.
Comparing the symmetric and antisymmetric squares of 2a+ 2b and 4b we have

Λ2(2a+ 2b) = 1 + 1 + 4a,

Λ2(4b) = 1 + 5,

S2(2a+ 2b) = 3a+ 3b+ 4a,

S2(4b) = 3a+ 3b+ 4a.(9)

Hence it is likely to be worthwhile to pay particular attention to the distinction
between 5 and 1 + 4a in the anti-symmetric squares. The representation 1 + 4a
is equivalent to the permutation representation of Alt(5) on 5 points, while 5 is a
monomial representation involving cube roots of unity. This may be another place
where the ‘colours’ of the strong force make their appearance, if these complex
factors cannot be observed, or perhaps the three generations, if they can.

Similarly, 3a + 3b can be written as a monomial representation on 6 points, by
replacing the action of i in the permutation representation by

i 7→ (1, 2)(3, 4)(5,−5)(6,−6).(10)

This suggests that it may also be worthwhile to pay attention to the difference
between 1 + 5 and 3a+ 3b. There is a great deal of deep mathematics in these two
character pairings, as we shall see in due course. For the moment, let us just note
that 1 + 4a and 5 differ only on the elements of order 3, while 1 + 5 and 3a + 3b
differ only on the elements of order 2 in Alt(5). This means that the 2-modular and
3-modular representation theory [16, 17] is likely to play an important role here.
If so, then the 5-modular representation theory may also be relevant, in which the
distinctions between 4a, 1 + 3a and 1 + 3b become blurred. In particular, this may
be relevant for distinguishing between spacetimes with and without a fixed time
direction. These issues will be discussed further in Section 9.

2.3. The structure of the group algebra. The faithless part of the group alge-
bra is a direct sum of real matrix algebras, one for each irreducible representation:

R + 2M3(R) +M4(R) +M5(R).(11)

The faithful part, on the other hand, is a direct sum of quaternion matrix algebras:

2H +M2(H) +M3(H).(12)

As it stands, this algebra is much too large to describe the groups within the
standard model of particle physics, but it might potentially describe some kind of
grand unified theory.
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Since the gauge groups of the standard model and most Grand Unified Theories
(GUTs) are compact, it is worth separating out the compact subgroups of the group
algebra into the faithless part

SO(3)L × SO(3)R × SO(4)× SO(5)(13)

and the faithful part

Sp(2)L × Sp(2)R × Sp(4)× Sp(6).(14)

Here I use the complex dimension of the representations as an index, rather than
the quaternionic dimension which is used by some authorities, who would write
instead

Sp(1)L × Sp(1)R × Sp(2)× Sp(3).(15)

It is worth noting the isomorphisms

Sp(2) ∼= SU(2) ∼= Spin(3),

Sp(4) ∼= Spin(5).(16)

Moreover, the finite group connects these various Lie groups together, and there-
fore reduces the apparent symmetries. In particular, the following well-known two-
to-one maps are compatible with the finite group action:

SU(2)L → SO(3)L,

SU(2)R → SO(3)R,

SU(2)L × SU(2)R → SO(4),

Sp(4)→ SO(5).(17)

In addition, there are embeddings

SU(2)L × SO(3)R → Sp(6),

SU(2)R × SO(3)L → Sp(6),(18)

that are also compatible with the finite group action. Therefore there is a sense in
which the only Lie groups that are actually required in a model of this type are

SU(2)L × SU(2)R × Sp(4),(19)

which is reminiscent of the Pati–Salam model [6], though with a symmetry-breaking
from SU(4) down to Sp(4) which will require further investigation.

It is very important to realise, however, that these maps between compact groups
do not extend to maps between the non-compact groups. This vital fact is of the
utmost importance for the understanding of coherence and decoherence, for the un-
derstanding of the properties of mass, and for the understanding of the relationship
between quantum mechanics, classical mechanics and relativity. In particular, we
note that Sp(4) embeds in SL(2,H), whereas SO(5) embeds in SL(5,R). While
Sp(4) is just a double cover of SO(5), there is no non-trivial homomorphism at all
between SL(2,H) ∼= Spin(5, 1) and SL(5,R). Of equal importance is the complex
equivalent, restricting from 5 dimensions to 3, where again there is no non-trivial
homomorphism between SL(2,C) ∼= Spin(3, 1) and SL(3,R). It is therefore of vital
importance to distinguish correctly between the groups SO(3, 1) and SL(3,R), and
to interpret them appropriately in both relativistic and quantum physics.
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2.4. Breaking of symmetry. Another way to look at this pattern of symmetry-
breaking is to note that either of the two copies of H contains the full group SL(2, 5).
Hence the quaternionic structure might be considered to be fixed, so that the rest
of the faithful part of the group algebra can be adequately described by real rather
than quaternionic groups. If we assume that we can take the compact real form in
each case, then we have groups SU(2) and SU(3), together with a second group
SU(2) of quaternionic scalars, which restricts to a group U(1) of complex scalars.
All these groups act by changing coordinates on the representations, without any
change to the essential mathematical (or physical) content. They are therefore
‘gauge groups’ in the usual sense, and can perhaps be interpreted as the usual
gauge groups of the electro-weak and strong interactions. But note that we have a
choice of three independent copies of U(1) inside the quaternionic scalars, so that
we also have the potential to implement three generations of fermions.

Now the tensor product structure of the 3-dimensional quaternionic representa-
tion does indeed take out a quaternion factor, but leaves a copy of M3(R), which
suggests we may have to use SL(3,R) as a different real form of SU(3). The point
here is that SL(3,H) and SU(6) are different real forms of the Lie group of type
A5, and although the compact real form would seem at first sight to be the most
appropriate for extending the standard model, this is not necessarily the case, or
even possible. Much the same applies in the case of SL(2,H), which is isomorphic
to Spin(5, 1), in which the subgroups

Spin(3) ∼= SU(2),

Spin(2, 1) ∼= SL(2,R),(20)

similarly separate the spin group SU(2) from a split gauge group SL(2,R). Again,
the standard approach is to use SU(4) in place of SL(2,H) and SU(2) in place of
SL(2,R), in order to have compact real forms in every case.

As already noted, the faithful representations 2a, 2b and 4b are complex unitary
representations, so that there is some sense in which the group

SU(2)× SU(2)× SU(4)(21)

can act on the representation 2a + 2b + 4b. In other words, we see something
here that is reminiscent of the Pati–Salam model [6]. But the complex structure
is not well-defined, and in the case of 4b this is important, since we get different
copies of SU(4) depending on which complex structure we choose. The fact that
2a, 2b and 4b are really quaternionic representations has no effect on SU(2), which
is isomorphic to Sp(2), but it reduces the symmetry on 4b from SU(4) to Sp(4),
which has dimension 10 rather than 15.

The adjoint representations of symplectic groups arise from the symmetric squares
of the defining representations, so that they are associated to the representations

S2(2a) = 3a,

S2(2b) = 3b,

S2(4b) = 3a+ 3b+ 4a.(22)
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The ‘vector’ representations on the other hand arise from anti-symmetric squares,
in the forms

2a⊗ 2b = 4a,

Λ2(4b) = 1 + 5.(23)

In particular, notice the breaking of symmetry from SO(6) to SO(5), in the form
of a restriction from

Spin(6) ∼= SU(4)(24)

to Spin(5) ∼= Sp(4). This allows us to associate the adjoint representation of SU(4)
with the representation

3a+ 3b+ 4a+ 5,(25)

which will play an important role later on in this paper, for example in Section 5.1.
But now we have a great deal more symmetry-breaking to contend with.

3. Classification of tensors

3.1. Tensor products of faithful representations. In the standard model, ten-
sor products of representations play a fundamental role. For example, the complex
tensor product of two Dirac spinors is identified with the Dirac algebra, which is
where the modelling of electroweak interactions takes place. The finite analogue
here is the representation

(2a+ 2b)⊗ (2a+ 2b) = 1 + 4a+ 3a+ 3b+ 4a+ 1.(26)

In the group algebra we have a wider choice of ‘spinor’ representations, which
may enable us to incorporate the strong interaction as well. The following tensor
products are worthy of note:

2a⊗ 4b = 3a+ 5,

2b⊗ 4b = 3b+ 5,

2a⊗ 6 = 3b+ 4a+ 5,

2b⊗ 6 = 3a+ 4a+ 5,

4b⊗ 6 = 3a+ 3b+ 4a+ 4a+ 5 + 5,

Λ2(6) = 1 + 4a+ 5 + 5,

S2(6) = 3a+ 3a+ 3b+ 3b+ 4a+ 5.(27)

Of particular interest here is the frequent occurrence of the 5-dimensional ‘spin 2’
representation, which suggests the possibility that there may be some applications
to quantum gravity. This representation does not occur if we restrict ourselves to
the standard Dirac spinor in 2a+ 2b, but only when we introduce either 4b or 6. If,
for example, as already hinted at in Section 2.2, we were to try to use 4b as some
kind of variant of the Dirac spinor, then other analogues of the Dirac algebra might
be available:

4b⊗ 4b = 1 + 4a+ 3a+ 3b+ 5,

(2a+ 2b)⊗ 4b = 5 + 3a+ 3b+ 5.(28)
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In general relativity [18, 19, 20] by contrast, the fundamental tensors, including the
field-strength tensor and the stress-energy tensor, come from the tensor square of
spacetime, that is represented here by

4a⊗ 4a = 1 + 4a+ 3a+ 3b+ 5

= 4b⊗ 4b.(29)

Although the splitting into symmetric and anti-symmetric parts does not match
up, since

Λ2(4a) = 3a+ 3b,

Λ2(4b) = 1 + 5,(30)

nevertheless this coincidence does suggest the possibility of using 4b ⊗ 4b in place
of 4a⊗ 4a in an attempt to quantise gravity. If so, perhaps it might also be worth
removing the scalar (representing both the spacetime metric and the cosmological
constant in general relativity), to obtain an identification with the adjoint repre-
sentation of SU(4), as described in Section 2.4.

Moreover, this equivalence of representations is specific to this finite group, and
has no equivalent for the Lie group SL(2,C) that is used in the standard model.
In that case, the equivalent of 4a ⊗ 4a splits as 1 + 6 + 9 as real representations,
whereas the equivalent of 4b⊗ 4b splits as complex representations 1 + 3 + 5 + 7. In
other words, this potential resolution of the conflict between quantum mechanics
and general relativity can only work in the case of a discrete model, and not in any
kind of continuous model, such as are normally used in this context.

Note also that, on restriction from the icosahedral group to the tetrahedral group,
this 5-dimensional representation breaks up (as a real representation) into 2 + 3,
suggesting an analogy with the Georgi–Glashow model, in which the gauge groups
SU(2) and SU(3) of the weak and strong interactions are unified into SU(5). The
difference in the present approach, however, is that at the quantum level only the
orthogonal groups SO(2), SO(3) and SO(5) are relevant, while the extension to
unitary groups is only required when measurements in the macroscopic experimen-
tal apparatus are involved. In other words, the extra mediators that cause proton
decay in the Georgi–Glashow model do not occur here. On the other hand, it is
not clear that this is a good analogy, and it may be more appropriate to analyse
the Georgi–Glashow model in terms of SU(2)L × SO(3)R, for example.

3.2. Tensor products with faithless representations. The next tensors to look
at are products of faithful with faithless representations. The most interesting of
those not already mentioned are

2a⊗ 3a = 2a+ 4b,

2a⊗ 4a = 2b+ 6,

2a⊗ 5 = 4b+ 6.(31)

In all cases we have a breaking of symmetry in the spinors, which it is tempting
to transfer to a breaking of symmetry in the faithless representations, so that 3a
appears to break as 1 + 2, while 4a appears to break as 1 + 3, and 5 as 2 + 3. Of
course, this procedure is mathematically inconsistent, so can only be carried out
by breaking the symmetry of the finite group.
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In particular, we see that when 5 is tensored with a Weyl spinor, there is a
splitting 4+6 that may give the (misleading) impression that 5 itself splits as 2+3.
That is, the 6 can be factorised as 2a ⊗ 3b to give a triple of Weyl spinors much
as in the standard model of quarks, but the 4b cannot be written in the same way
as a pair of Weyl spinors. It seems likely that these facts will be relevant to the
properties of weak-strong mixing in the standard model.

In a similar way, the apparent splitting of the spacetime representation 4a as
1 + 3 may have something to say about the difference between space and time,
and about the difference between a Euclidean spacetime appropriate for quantum
mechanics and a Minkowski spacetime appropriate for macroscopic physics. In this
context the relation

2a⊗ 4a = 2b⊗ (1 + 3a)(32)

may be of particular interest. Similarly, if the ‘left-handed’ representation 3a is
related to the weak interaction, then the apparent splitting as 1 + 2 may be related
to the symmetry-breaking between the neutral Z boson and the charged W bosons.

Within the faithless representations, the following decompositions are worthy of
note:

Λ2(3a) = 3a,

S2(3a) = 1 + 5,

Λ2(4a) = 3a+ 3b,

S2(4a) = 1 + 4a+ 5,

Λ2(5) = 3a+ 3b+ 4a,

S2(5) = 1 + 4a+ 5 + 5,

3a⊗ 4a = 3b+ 4a+ 5.(33)

In particular there are some correspondences between the symmetric and anti-
symmetric squares of different representations:

S2(2a) = Λ2(3a),

S2(3a) = Λ2(4b),

S2(4b) = Λ2(5),

S2(5) = Λ2(6).(34)

In fact, these equalities follow from the general theory of representations of SL(2, p),
whereby the symmetric square of a spin n representation is equivalent to the anti-
symmetric square of a spin n+ 1

2 representation. But note that this concept of spin
is associated with the finite group SL(2, 5), and not with the Lie group SU(2), so
that it may not be correct to interpret this as ‘spin’ in the usual physical sense.

The next term in the sequence is

S2(6) = Λ2(3a+ 4a).(35)

Now 3a and 4a are orthogonal representations, so we can put an action of either
compact SO(7) or split SO(3, 4) on 3a+ 4a. The latter group has been suggested
[21] as a potentially useful group for unification of SO(3, 1) and SO(4), which may
have some bearing on unification of relativity with quantum mechanics.
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4. Connections with physical models

4.1. 11 dimensions. The three binary polyhedral groups have orders

24 = (2 + 3)2 − 1,

48 = (3 + 4)2 − 1,

120 = (5 + 6)2 − 1.(36)

There are deep group-theoretical reasons for this numerology, arising from the fact
that these three groups embed as subgroups of index p in SL(2, p), for p = 5, 7
and 11 respectively [22]. In all three cases it is possible to find a representation,
of dimension 2 + 3, 3 + 4 and 5 + 6 respectively, whose tensor square is equivalent
to the group algebra plus a scalar. Here the odd-dimensional constituent is real,
while the even-dimensional constituent is pseudo-real, so can be written either as a
complex representation, or as a quaternionic representation in half the dimension,
or as a real representation in twice the dimension.

In particular, the first case, the binary tetrahedral group of order 24, can be
written with 5× 5 complex matrices, 4× 4 quaternionic or 7× 7 real matrices. In
the complex version, what we appear to see is a finite version of the Georgi–Glashow
unification of SU(2) and SU(3) into the 24-dimensional adjoint representation of
SU(5). But the 24 things are not continuous groups (circles) but individual finite
group elements. We also see a potential reason why this model may be too big: it
puts a unitary group on the 3-dimensional representation, rather than an orthogonal
group.

In the second case, I am not aware of a grand unified theory that is related to
it. Here we can use 5 × 5 quaternionic matrices, or 7 × 7 complex matrices, or
11× 11 real matrices. There is only one type of simple Lie group of dimension 48,
namely the different forms of SU(7), and no such group seems to have been seriously
considered for a grand unified theory. In the last case the relevant representation
is the sum of the 5 and 6, but we also have

(5 + 6)⊗ (5 + 6) = (5 + 2a+ 4b)⊗ (5 + 2b+ 4b).(37)

Here we can use either 11 × 11 complex matrices, or 8 × 8 quaternionic matrices,
or 17 × 17 real matrices, according to taste. It is not clear, however, that any of
the associated Lie groups, SU(11), of dimension 120, or Sp(16) or SO(17), both of
dimension 136, are of any use in building a grand unified theory.

It may be of interest that the complex dimension 5 + 6 = 11 here is the same
as the dimension of spacetime in M-theory [23], but of course this may just be
a coincidence. It is also noticeable that the representation 5 has appeared in the
discussion above as a replacement for 1+4a (spacetime plus a scalar) in certain parts
of the representation theory. The representation 6, on the other hand, is a type of
spinor, and therefore only exists (presumably) at the quantum level. It might be
the case, therefore, that the finite group model contains (some of) the fundamental
ingredients of M-theory, but with an inbuilt explanation for the symmetry-breaking
and the ‘curling up’ of the unwanted extra dimensions of spacetime.

It should also be remarked that there are two Lie groups of dimension 120, namely
the ‘obvious’ Lie group SU(11), acting on the complex 11-space, and SO(16). Only
the latter appears to have been the focus of serious attention in the context of grand
unified theories, and the fact that Spin(16) lies inside E8 has then drawn attention
to the latter. But it is clear that any such Lie algebra is far too big for any
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realistic theory, which must incorporate a great deal of symmetry-breaking in order
to explain the physics that we actually see experimentally. My proposal, developed
here and elsewhere, is that using a group algebra rather than a Lie algebra provides
exactly the kind of symmetry-breaking that is needed for this purpose.

4.2. Embedding the finite group in a Weyl group. It is well-known that
SL(2, 5) is a subgroup of the Weyl group of E8. The copies of SL(2, 5) that are
of most interest to us here are those that centralize an element of order 5. The
action of such an SL(2, 5) on the Cartan subalgebra has character 2a+ 2b, so can
be written over R8 or C4 or H2 according to taste. In particular, this action is fixed
point free, and therefore its action on the 240 root spaces is also fixed point free,
so consists of two copies of the regular representation. In other words, we have
proved the remarkable fact (well-known to the experts) that the 240 root spaces
of E8 support the structure of the complex group algebra of SL(2, 5), in a natural
way.

The central involution of the Weyl group negates a 128-space, so has centralizer
Spin(16). Therefore the quotient of SL(2, 5) by its normal subgroup of order 2,
that is

PSL(2, 5) = SL(2, 5)/Z2
∼= Alt(5),(38)

embeds in SO(16), with a character whose anti-symmetric square is twice the char-
acter of the regular representation. This determines the character up to a sign on
the involutions, and gives the two possibilities

1 + 1 + 4a+ 5 + 5,

3a+ 3a+ 3b+ 3b+ 4a.(39)

The former is equivalent to the sum of the permutation representations on 6 and 10
points, while the latter is the sum of the corresponding monomial representations.
But the Weyl group of E8 actually contains

5× SL(2, 5) ⊂ SL(2, 5) ◦ SL(2, 5),(40)

so that 5 × Alt(5) embeds in SO(16), in such a way that the central element of
order 5 has character value 1, so eigenspaces of dimensions 3, 3, 3, 3 and 4. Hence
the monomial version is correct.

It is important to note that we have only embedded the finite group in the Lie
group, and we have not embedded the group algebra in anything. Since the group
algebra is associative, it cannot be embedded in the Lie algebra, but only in the
enveloping algebra. Hence there is not such a close connection between the group
algebra and the Lie algebra as one might have hoped. It may be possible to take
some hints from the group algebra as to how to build an E8 model, or vice versa,
but they will not be the same model.

4.3. Components of a potential E8 model. The finite group suggests that we
split the fundamental representation of SO(16) as

(3a+ 3a) + (3b+ 3b) + 4a.(41)

In other words, by taking the homogeneous components of the representation, we
split SO(16) into

SO(6)× SO(6)× SO(4).(42)
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The corresponding subgroup of Spin(16) is

SU(4) ◦ SU(4) ◦ [SU(2)× SU(2)].(43)

There are then a number of possibilities for relating this splitting to the standard
model or various GUTs.

The finite group does not help us much to choose between them, although it
does suggest that one or both of the two 6-spaces could be regarded as complex
3-spaces, with SU(3) acting on one of them and probably with SO(3,C) acting on
the other. This would permit an interpretation of one 6-space as three colours and
three anti-colours, and the other as the electromagnetic field, for example, and allow
a breaking of symmetry in the groups down to something resembling the standard
model. There are many further possibilities if we also allow ourselves to change to
one of the non-compact real forms.

In any case, the adjoint representation of SO(16) restricts to the finite group as

Λ2(3a+ 3a+ 3b+ 3b+ 4a),(44)

which breaks up into the following pieces:

Λ2(3a+ 3a) = 3a+ 3a+ 3a+ 1 + 5,

Λ2(3b+ 3b) = 3b+ 3b+ 3b+ 1 + 5,

Λ2(4a) = 3a+ 3b,

(3a+ 3a)⊗ (3b+ 3b) = 4a4 + 54,

(3a+ 3a)⊗ 4a = 3b2 + 4a2 + 52,

(3b+ 3b)⊗ 4a = 3a2 + 4a2 + 52.(45)

If we assume that the homogeneous components represent the three forces in
some way, then the ‘mixing’ between them in the last three listed representations
consists mainly of many copies of 4a + 5. Some of these presumably relate to the
Cabibbo–Kobayashi–Maskawa (CKM) [24, 25] and Pontecorvo–Maki–Nakagawa–
Sakata (PMNS) [26, 27] matrices, each of which is a complex 3 × 3 matrix, but
contains only four real parameters. Moreover, these four real parameters split 1+3
into a complex phase and three mixing angles, as one might expect from the usage
elsewhere of 4a as a spacetime representation. Each copy of 4a is paired with a
copy of 5, which suggests there are a further 10 real parameters in this mixing,
which I conjecture can be identified as masses (or mass ratios) of elementary (or
even composite) particles in the standard model. My guess is that these include the
6 quark masses, the 3 charged lepton masses, and one other, perhaps the proton or
the neutron.

Turning now to the spinors, we must surely take the spinors for both copies
of SO(6) to correspond to the finite group representation 4b, and for SO(4) to
correspond to 2a+ 2b, so that the complete spinor representation corresponds to

4b⊗ 4b⊗ (2a+ 2b) = (1 + 3a+ 3b+ 4a+ 5)⊗ (2a+ 2b)

= (2a+ 2b) + (2b+ 4b+ 6) + (2a+ 4b+ 6)

+ (2a+ 2b+ 62) + (4b2 + 62)(46)
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If we take out the scalar part of 4b⊗4b, corresponding to the representation 2a+2b
on the Cartan subalgebra, this gives us 15 labels for spinors:

3a+ 3b+ 4a+ 5 = 5 + Λ2(5).(47)

In other words, the labels look very much like the Georgi–Glashow labels, but with
some important differences. First of all, there are separate copies of the labels for
left-handed 2a and right-handed 2b, rather than combining both in the same set
of labels. Secondly, there are both generation labels in 3a and colour labels in 3b
(or vice versa), rather than only colour labels. Thus it should be possible to use
these labels to get a complete description of all the standard model fermions, for
all three generations. But it is important to realise that these labels come from the
finite group action, and have nothing whatever to do with the structure of E8 or
the gauge groups.

5. Aspects of a group algebra model

5.1. General structure. The discussion so far has suggested a pivotal role for
the representation 3a + 3b + 4a + 5, that is the sum of all the non-trivial faithless
representations. The crucial property is that the character values are 0 on the
elements of order 3 and 5, so that its tensor product with 4a+2a+2b is the regular
representation, split up as follows:

(3a+ 3b+ 4a+ 5)⊗ 4a = 1 + 3a3b3 + 4a4 + 55,

(3a+ 3b+ 4a+ 5)⊗ 2a = 2ab+ 4b2 + 63,

(3a+ 3b+ 4a+ 5)⊗ 2b = 2ab+ 4b2 + 63.(48)

The effect of this is that the representation 3a + 3b + 4a + 5 provides a set of 15
‘labels’ for both the vectors in 4a and the spinors in 2a+ 2b.

But this is not the only representation with this property, which is shared with
1 + 4a+ 5 + 5, as follows:

(1 + 4a+ 5 + 5)⊗ 4a = 1 + 3a3b3 + 4a4 + 55,

(1 + 4a+ 5 + 5)⊗ 2a = 2ab+ 4b2 + 63,

(1 + 4a+ 5 + 5)⊗ 2b = 2ab+ 4b2 + 63.(49)

The question then is, how best to interpret these two sets of labels, either in terms
of the standard model, or beyond. First let us look at the structure of the labels
themselves.

The representation 3a + 3b + 4a + 5 has many expressions in terms of smaller
representations, which may represent more primitive concepts:

3a+ 3b+ 4a+ 5 = Λ2(1 + 5) = Λ2(S2(3a)) = Λ2(S2(3b)) = Λ2(Λ2(4b))

= 5 + Λ2(5)

= Λ2(3a+ 3b) = Λ2(Λ2(4a))

= 3a⊗ 5 = 3b⊗ 5

= 3a⊗ (1 + 4a) = 3b⊗ (1 + 4a).(50)

The first two lines here are reminiscent of the Georgi–Glashow model. The third
appears to complement general relativity, in which the Riemann Curvature Tensor,
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plus a scalar, appears in

S2(3a+ 3b) = S2(Λ2(4a)),(51)

assuming that 4a retains its interpretation as spacetime, which of course it may
not. The last two lines give various possible factorisations as 3 × 5. The last line,
for example, might enable us to put a gauge group SO(4, 1) on 1 + 4a, interpreted
as mass-momentum-energy, and hence reconcile the quantum-mechanical require-
ment for a Euclidean spacetime with the relativistic requirement for a Minkowski
spacetime.

The representation 1 + 4a+ 5 + 5 also has a number of possible derivations from
smaller representations:

1 + 4a+ 5 + 5 = S2(5)

= Λ2(6) = Λ2(2a⊗ 3b) = Λ2(2b⊗ 3a)

= Λ2(2a)⊗ S2(3b) + S2(2a)⊗ Λ2(3b)

= 1⊗ (1 + 5) + 3a⊗ 3b

= Λ2(2b)⊗ S2(3a) + S2(2b)⊗ Λ2(3a).(52)

These last three lines implement a splitting (1 + 5) + (4a+ 5) which may perhaps
represent a splitting into neutrinos and up quarks in 1 + 5, and electrons and down
quarks in 4a+ 5. If so, this is likely to be a useful viewpoint for studying the weak
interaction.

The overall scheme of things therefore seems to be a labelling of fermions with
S2(5), and a labelling of bosons with Λ2(3a + 3b). The former is equivalent to
the transitive permutation representation of Alt(5) on 15 points, while the lat-
ter is equivalent to the corresponding monomial representation. By ignoring the
signs on the monomial representation, therefore, we map 15 bosons collectively to
15 fermions, thereby exhibiting a fundamental ‘super-symmetry’ between the two.
Whether there is any sense in which this can be interpreted as a literal correspon-
dence between particles, remains to be seen.

In order to see such a correspondence between the two labellings, we would need
to break the symmetry in some way, for example by restricting from Alt(5) to
Alt(4), so that the permutation representation breaks up into two orbits as 3 + 12.
The devil, then, is in the detail of the interpretation. Let us therefore investigate in
more detail how the fermions and bosons that are detected experimentally might
be represented within the group algebra.

5.2. Fermions. The total dimension of the faithful part of the real group algebra
is 60, but since it consists of quaternionic representations, we should really consider
them as such, say with the quaternions acting by left-multiplication, and the finite
group acting on the right. Then we have 15 dimensions of quaternions, splitting as
an algebra into 1 + 1 + 4 + 9, and as a representation into

1 + 1 + 2 + 2 + 3 + 3 + 3.(53)

Each quaternion can represent a Weyl spinor, so that we have enough degrees of
freedom for one generation of standard model fermions.

But the standard model does not use the quaternion structure, instead choosing a
particular identification of H with C2. By varying the complex structure, therefore,
we can in effect obtain three times as many degrees of freedom, and hence have
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exactly the right number for a three-generation model. On the other hand, by
restricting to complex numbers, and ignoring the finite group, one might get the
(false) impression that the representations 1 + 1 + 2 + 2 + 3 + 3 + 3 are complex,
rather than quaternionic, and then take out a particular copy of 2 for the weak
force, and a particular copy of 3 for the strong force, and split the representation
as

(2 + 3) + (1 + 1 + 2 + 3 + 3).(54)

This is very similar to what happens in the Georgi–Glashow model, except that
since the triplets there are colour triplets, the distinction between 1 + 2 and 3
is not apparent in the Georgi–Glashow model, although clearly relevant for the
phenomenon of colour confinement.

If, as suggested in Section 5.1, we label the fundamental Weyl spinors with the
representation 1 + 4a+ 5 + 5, then we tensor with the basic spinor in 2a to get:

2a⊗ 1 = 2a,

2a⊗ 4a = 2b+ 6

= 2b+ 2a⊗ 3b,

2a⊗ 5 = 4b+ 6

= 4b+ 2a⊗ 3b,

2a⊗ 5 = 4b+ 6

= 4b+ 2b⊗ 3a.(55)

The first equation could represent a left-handed neutrino, in which case the second
equation represents three generations of electron, with one right-handed spinor to
represent the charge, and three left-handed spinors to represent the three masses.
This scheme effectively puts generation labels into 3b. The last two equations would
then represent quarks, but without a canonical way to divide up the two copies of
4b + 6. Here we can combine generation labels in 3b with colour labels in 3a, for
example.

Since this quark representation 4b2 + 62 is expressed here as a unitary represen-
tation, there is a gauge group SU(2) that describes the possible ways of splitting
it up. Indeed, as far as the fermions are concerned, there are two separate gauge
groups SU(2), one acting on 4b + 4b and the other on 6 + 6. But then there are
actually three copies of 6 that cannot be distinguished abstractly from each other,
so that one copy of SU(2) extends to SU(3). At the same time, there is a complex
structure defined on 2b by a U(1) gauge, on top of an original choice of coordinates
for 2a which requires an SL(2,C) Lorentz gauge. Hence we obtain the complete
collection of standard model gauges as

SL(2,C)× U(1)× SU(2)× SU(3),(56)

with some identification of scalars enforced by the tensor product structures.
We also see some unavoidable mixing of these gauges from the tensor products

2a⊗ 3a = 2a+ 4b

2a⊗ 5 = 4b+ 6(57)

which enforce a mixing of electromagnetic U(1) with weak SU(2), and of weak
SU(2) with strong SU(3), respectively. The former is expressed in the standard
model as a breaking of the symmetry of 3a into 1 + 2, and the latter as a breaking
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of symmetry of 5 into 2 + 3. This has the effect of moving the action of the gauge
group from the faithful representations, where it really belongs, to the faithless
representations, and requires re-writing the real representation 3a as a fictitious
complex 1 + 2, and re-writing the real 5 as a fictitious complex 2 + 3. In any case,
once we have decided how to split the quark representation, we can interpret the
various pieces. I suggest 4b for charge and colours, and 6 for generations as before,
although there may be other viable interpretations.

5.3. Quarks. If we want to interpret the two copies of 2a ⊗ 5 as up-type and
down-type quarks, then we should combine the neutrinos and up quarks as follows:

2a⊗ (1 + 5) = 2a+ 4b+ 6

= 2a⊗ 3a+ 2a⊗ 3b

= 2a⊗ (3a+ 3b)

= 2a⊗ 3a+ 2b⊗ 3a

= (2a+ 2b)⊗ 3a.(58)

The ambiguity between 2a⊗ 3b and 2b⊗ 3a makes a clear division into left-handed
and right-handed spinors impossible. If we write everything in terms of 2a, then
the two splittings 1 + 5 and 3a+ 3b give the illusion of a splitting 1 + 2 + 3, usually
interpreted as a symmetry-breaking of the weak interaction as described by 3a. But
it could also be interpreted as a breaking of the colour symmetry into one lepton
colour and two quark colours. If instead we write everything in terms of 3a, we see
an action on the left-handed spinor 2a, leaving some debris in 4b, and no apparent
action on the right-handed spinor 2b, which simply triplicates.

In the standard model, the up quarks have charge 2/3, and charge here is rep-
resented in 2b, which suggests an attempt to split 6 into 2b⊗ 3a two-thirds of the
time, and 2a ⊗ 3b one-third of the time. An alternative interpretation is that the
overall charge on 6 is zero, so that the three quarks represented in this copy of 6
should perhaps be interpreted instead as the up, down and strange quarks. The
absence of (overall) charge suggests an interpretation of this copy of 6 as 2a ⊗ 3b,
so that the representation 3b that represents the three generations of electron also
represents the up/down/strange quarks. This is a more subtle arrangement of the
flavour symmetries than in the standard model, and may therefore be useful in
going beyond the standard model.

Then we can combine the electrons and the remaining quarks (whether as a
charge −1/3 triplet down/strange/bottom or as charm/bottom/top) in a similar
but more complicated way:

2a⊗ (4a+ 5) = (2b+ 6) + (4b+ 6)

= (2b+ 4b) + (6 + 6)

= 2a⊗ 3a+ 2a⊗ 3b+ 2b⊗ 3a

= (2a+ 2b)⊗ 3a+ 2a⊗ 3b

= 2a⊗ (3a+ 3b+ 3b).(59)

Again, there is no clear division between left-handed and right-handed spinors,
but there seems to be a sense in which the colours on the up quarks are attached
to the right-handed spinors, and the colours on the down quarks are attached to
the left-handed spinors (or vice versa, depending on what we mean by ‘attached’).
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Moreover, the representation 2b ⊗ 3a should have an overall charge of +1, as in-
dicated by the 2b factor, split up into three quarks, as indicated by the 3a factor.
An identification of these quarks as charm/bottom/top is probably premature, but
it seems fairly clear that they must be two up-type and one down-type. An inter-
pretation along these lines would allow us to allocate six quark flavour labels to
3a + 3b, but without any clear indication as to which flavour is which. Similarly,
we could allocate four lepton flavours to 4a, leaving 5 for six colours with colour
confinement. Of course, this is purely speculative, and may be completely wrong.

5.4. Comparison with Georgi–Glashow fermions. I have suggested using the
representation 5 as the basis for an analogue of the Georgi–Glashow model. The
group here is SO(5), of dimension 10, rather than SU(5), of dimension 24, which is
required in a different analogue mentioned in Section 4.1. The 15 dimensions that
Georgi and Glashow use for classifying fermions are then

5 + Λ2(5) = 5 + 3a+ 3b+ 4a.(60)

But in the group algebra model, this splitting seems more suitable for classification
of bosons. The 25 dimensions of the Georgi–Glashow U(5) correspond here to

Λ2(5) + S2(5) = (3a+ 3b+ 4a) + (1 + 4a+ 5 + 5).(61)

My proposal is equivalent to using S2(5) in place of 5 + Λ2(5), which has the effect
of replacing 3a+ 3b by 1 + 5. Since

2a⊗ (1 + 5) = 2a+ (4b+ 6),

2a⊗ (3a+ 3b) = (2a+ 4b) + 6(62)

this has no effect at all on the fermions, but changes our view of the bosons.
What this change does for us is to re-arrange the spin representations into a

different pattern:

2a⊗ (1 + 4a+ 5 + 5) = 2a+ (2b+ 6) + (4b+ 6) + (4b+ 6).(63)

In this pattern we can see 2a as (massless) neutrinos, with 6 giving mass to 3
generations of the other particles, with electrons in the form

2b+ 6 = 2b+ 2a⊗ 3b

= 2b+ 2b⊗ 3a

= 2b⊗ (1 + 3a)

= 2a⊗ 4a(64)

so that we can take out a generation symmetry in 3b and reinstate a Dirac spinor
in 2b + 2a. Moreover, we see an intriguing relationship between 4a acting on the
left-handed Weyl spinor, and 1 + 3a acting on the right-handed Weyl spinor. This
will surely have something very interesting to tell us about the mixing of electro-
magnetism with the weak force.

Similarly for the quarks, except that there is now a ‘colour’ symmetry in 4b that is
mixed up with half of the Dirac spinor. This structure enforces colour confinement
via

(2a+ 2b)⊗ 3b = 6 + 2b+ 4b(65)
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which has an extra copy of 2b that does not belong to the quarks, but rather to the
electrons. Now we can see a new labelling of the 15 fermions, completely different
from the standard model:

1↔ ν

4a↔ eR, eL, µL, τL

5↔ urR, u
g
R, uL, cL, tL

5↔ drR, d
g
R, dL, sL, bL.(66)

Only the left-handed spinors get generation labels, and only the right-handed
spinors get colour labels, which now have only 2 degrees of freedom, not 3.

This allocation may not be quite correct, of course, but it gives a rough idea of
how it might be possible to classify fermions in a scheme similar to the Georgi–
Glashow scheme, but with less profligacy of unobservable variables, so that all three
generations can be incorporated without increasing the size of the model. It may
be objected that the neutrinos have no generation label in this scheme. This is
consistent with the experimental fact that the generation of a neutrino depends
on the observer [28, 29, 30]. That is to say, in this model the generation label on
a neutrino comes from its interaction with another particle, rather than from its
intrinsic properties. What seems to be going on here is an ambiguity between labels
in 3a + 3b + 4a + 5 and labels in 1 + 4a + 5 + 5. While I am attempting to use
the former for labelling bosons and the latter for labelling fermions, the standard
model is perhaps closer to using the former for both fermions and bosons, with 3a
labelling neutrino generations and 3b labelling electron generations. The quarks are
then labelled with 3a ⊗ 3b = 4a + 5, in such a way that 3b labels generations and
3a labels colours and charge. It is possible that both interpretations are viable.

5.5. Gauge bosons. I have suggested that the overall picture of the gauge bosons
comes from 3a+ 3b+ 4a+ 5, in which only the photons have independent motion,
and therefore might require the 4a spacetime representation for their description.
This suggests 3a for the mediators of the weak force, and 3b + 5 for the 8 gluons.
In addition, we may want the trivial representation 1 for the Higgs boson. The
standard way to interpret these bosons as gauge bosons for a Yang–Mills theory
would be to take 3a = S2(2a) as the adjoint representation of SU(2) acting on the
left-handed spinor 2a, and

3b+ 5 = 3b⊗ 3b− 1(67)

as the adjoint representation of SU(3) acting on a complex version of 3b, leaving 4a
to provide the required complex structure on 3a, together with a scalar for U(1).
In this scenario, electroweak unification is a unification of 3a with 4a.

This piecemeal approach does not respect the finite symmetries, however, for
which a more plausible Yang–Mills gauge group would be SU(4) acting on 4b, so
that the adjoint representation of SU(4) is identified with 4b⊗4b less a scalar, that
is 3a + 3b + 4a + 5 as required. As we have seen, the same approach works with
SL(4,R) acting on 4a, and therefore identifies the same gauge bosons in a way that
might conceivably be compatible with general relativity, with SL(4,R) acting on
spacetime. Now we can only interpret this SU(4) as the Pati–Salam SU(4) if we
split the spacetime representation 4a as 1+3, and complexify one of the 3s, so that
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adjoint SU(4) restricts to SU(3) as adjoint 3 + 5, a scalar, and vector 3 + 3. This
scheme could work perfectly well in a non-relativistic model.

The scalar, of course, is then not relativistically invariant, but this seems to
be perfectly consistent with experiment, in which (for example) the electro-weak
mixing angle varies with the energy. However, there is a potential problem, namely
that the real group algebra does not contain the compact group SU(4) = Spin(6)
acting on 4b, but the different real form SL(2,H) = Spin(5, 1). This group therefore
breaks the symmetry not only of the Pati–Salam SU(4), but also of the standard
model SU(3). The strong gauge group SU(3) must be replaced by SU(2, 1), which
not only breaks the colour symmetry and thereby implies colour confinement, but
also incorporates four boosts with which hadron mass can be generated. Perhaps,
therefore, this ‘problem’ is not so much a bug, as a feature.

There may be some connection between this group SU(2, 1) and Penrose’s twistor
theory [31, 32], since SU(2, 1) is a subgroup of the group SO(4, 2) on which the
latter is based. It is this signature, rather than the compact SO(6), that Penrose
proposes is fundamental to the structure of reality. A new unification proposal due
to Woit [33] is based on the geometry of twistors and has some similarities with the
group algebra model that I am trying to build here. But, in common with most
other unification attempts, he converts SU(2, 1) to SU(3) by complexifying the
twistors, rather than embracing the symmetry-breaking that comes for free in this
signature. In my model, on the other hand, rather than embedding SU(2, 1) into
SO(4, 2), and then lifting to the spin group Spin(4, 2), I embed SU(2, 1) directly
into Spin(5, 1). These subtle differences in signature seem to be important, but are
obscured by any complexification.

6. The Dirac algebra

6.1. Implementing the Dirac matrices. It is also worth remarking here that
the tensor product with 4a defines maps from 2a to 2b and vice versa. Since this
swaps the left-handed and right-handed spinors, it is possible to identify the Dirac
matrices with a basis of 4a. For a real orthogonal representation we can take iγ0,
γ1, γ2 and γ3. The product of these four anti-commuting matrices is γ5, which is
therefore a basis element for the representation Λ4(4a) = 1. The splitting of Λ2(4a)
into left-handed and right-handed parts 3a and 3b is reflected in the splitting

iγ0γ1 + γ2γ3, iγ0γ2 + γ3γ1, iγ0γ3 + γ1γ2;

iγ0γ1 − γ2γ3, iγ0γ2 − γ3γ1, iγ0γ3 − γ1γ2.(68)

Hence this chirality translates to complex conjugation in the standard model, pro-
vided we understand this in the abstract sense of acting on the coefficients of the
Dirac matrices, and not in the sense of acting on the entries in the Dirac matrices.
The latter operation is in any case not well-defined, since it depends on the basis
chosen.

This chirality can then translated into Lie group terms as a distinction between
the natural representation of SL(2,C) and its complex conjugate, one of which is
labelled left-handed and the other right-handed. However, this operation does not
respect the action of the finite group, so that it changes the definition of chirality
from an intrinsic chirality at the quantum level to an experimental chirality on a
macroscopic scale. Moreover, it gives a chirality that depends on a particular choice
of coordinates.
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In order to try to clarify this issue, note the tensor products

4a⊗ (2a+ 2b) = (2a+ 2b) + 6 + 6,

4a⊗ 4a = 4a+ 1 + 3a+ 3b+ 5,

4a⊗ 4b = 4b+ 6 + 6.(69)

Hence there are three distinct ways of writing the abstract γµ as complex 4 × 4
matrices, depending on which of the representations 2a + 2b, 4a or 4b we want to
act on. The standard model effectively combines the two fermionic cases 2a + 2b
and 4b into one, by introducing γ5.

First consider the bosonic case 4a, where we may take four real matrices

iγ0 =


0 0 1 0
0 0 0 −1
−1 0 0 0
0 1 0 0

 , iγ1 =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 ,

iγ2 =


0 0 0 −1
0 0 1 0
0 1 0 0
−1 0 0 0

 , iγ3 =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 .(70)

The case 2a + 2b is the case that is treated in the textbooks [34, 35], either in
the standard Bjorken–Drell convention, or with respect to a ‘chiral basis’, which
effectively just means swapping the matrices for γ0 and γ5. For our purposes the
chiral basis is more suitable, as it clearly shows the two complex 2-spaces:

γ0 =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 , γ1 =


0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0

 ,

iγ2 =


0 0 0 1
0 0 −1 0
0 −1 0 0
1 0 0 0

 , γ3 =


0 0 1 0
0 0 0 −1
−1 0 0 0
0 1 0 0

 .(71)

The case 4b is then obtained by multiplying by γ5 in the Bjorken–Drell basis:

iγ0 =


0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0

 , iγ1 =


0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0

 ,

γ2 =


0 −1 0 0
1 0 0 0
0 0 0 1
0 0 −1 0

 , iγ3 =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

 .(72)

In particular, note that the multiplication by γ5 swaps the ordinary Dirac spinor in
2a + 2b with a different Dirac spinor in 4b. This is not noticeable in the standard
formalism, in which the finite group plays no role. It is an extra subtlety in the finite
group algebra model, which is likely to prove to be important for the implementation
and interpretation of the weak interaction.
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6.2. Implications for chirality. It is clear that all real fermions, other than
(possibly) neutrinos, need a mixture of left-handed and right-handed spinors. If
we take the Georgi–Glashow model seriously, then we should take seriously the
allocation of left-handed leptons to a 5-dimensional representation of SU(5), and
of right-handed leptons to the anti-symmetric cube. Although the allocation of
quarks is not so clear-cut, still this allocation makes a clear distinction between the
particle/antiparticle dichotomy (complex conjugation) and the left/right dichotomy
(cubing). This distinction is not so clear in the standard model, where both take i
to −i.

To make this distinction without employing γ5, it is necessary and sufficient
to use a symmetry with four distinct non-real eigenvalues, such as an element of
order 5, with eigenvalues exp(2πin/5), for n = 1, 2, 3, 4. Then complex conjugation
acts as (1, 4)(2, 3), while the cubing action (1, 3, 4, 2) in fact squares to complex
conjugation on these eigenvalues. Hence the cubing action can be interpreted as
mapping left to right to anti-left to anti-right and back to left. Of course, these
definitions of left-handed and right-handed spinors are rotated with respect to the
standard model definitions, so that a direct translation is impossible.

What I have done here is to work with SL(2, 5) rather than SL(2,C), so that
only these eigenvalues are used to distinguish left-handed from right-handed spinors,
rather than using the whole of U(1). Thus I can define the representation 2a as
being left-handed, and 2b as being right-handed, although they are not complex
conjugates of each other. The tensor cube of 2a then has the structure

2a⊗ 2a⊗ 2a = 2a+ 2a+ 4b,(73)

which as far as the group of order 5 is concerned consists of three left-handed
parts and one right-handed. However, this interpretation breaks the symmetry of
SL(2, 5) so is best avoided. All we can really say is that 2a/2b and 3a/3b are two
chiral pairs, and everything else is non-chiral. Any attempted splitting of a non-
chiral representation into chiral pieces necessarily breaks the symmetry. Moreover,
chirality in this model has nothing whatever to do with complex conjugation, which
maps 2a to 2a and 2b to 2b.

Physical chirality of spacetime arises in this model from the splitting of the
anti-symmetric square of the spacetime representation 4a into two chiral pieces
as 3a + 3b. Hence the model directly and accurately models physical chirality
on a Euclidean spacetime that is fundamental to quantum reality. It does not
necessarily model physical chirality on a Minkowski spacetime, or on a macroscopic
scale that is appropriate to any particular observer. Nor does it directly model
any change of chirality as between different observers, although it does provide a
gauge group SL(4,R) with which to transform between different observers’ choices
of SO(4). Indeed, the interpretation of a fundamental discrete chirality in terms of
a macroscopic continuous chirality runs into all the usual problems, especially the
measurement problem, discussion of which is beyond the scope of this paper.

6.3. Variants. I have already noted that there are situations in which it seems
more appropriate to treat the Dirac spinors in 4b rather than in 2a + 2b. These
include situations in which a chirality or helicity may be dependent on the frame
of reference, rather than intrinsic. The effect of this is to unify the γ5 term in the
Dirac algebra with the γµγ5 terms, into an irreducible 5-dimensional representation.
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It also brings into play a number of equivalent constructions, since

4b⊗ 4b = 1 + 3a+ 3b+ 4a+ 5

= 4a⊗ 4a

= (1 + 3a)⊗ (1 + 3b).(74)

Hence there may be some further advantages in this approach. In particular, we
may be able to convert between a Euclidean spacetime in 4a and a Minkowski
spacetime in 1 + 3a and/or 1 + 3b. Also, we may be able to convert between the
Dirac algebra, in the form 4b ⊗ 4b, and the rank 2 spacetime tensors, as used in
general relativity, in 4a⊗ 4a.

For example, it may be possible to interpret the 15 labels, either for fermions or
for bosons, in one of the forms

(1 + 3a)⊗ (1 + 3b)− 1 = 3a+ 3b+ 3a⊗ 3b

= 3a⊗ (1 + 4a)

= 3b⊗ (1 + 4a).(75)

In particular, there seems to be a serious question as to whether a single triplet
such as 3b should be interpreted as a generation triplet for all fermions, or whether,
for example, 3a indexes neutrino generations, 3b indexes electron generations, and
perhaps some combination of the two indexes quark generations.

The two sets of labels that I used for vectors in 4a and Dirac spinors in 2a+ 2b
can equally well be applied to the modified Dirac spinor in 4b, since

(3a+ 3b+ 4a+ 5)⊗ 4b = 2a2b2 + 4b4 + 66

(1 + 4a+ 5 + 5)⊗ 4b = 2a2b2 + 4b4 + 66.(76)

These may give useful alternative labellings of fermions. The latter, for example,
would allow neutrinos to be modelled in 4b rather than 2a, which would leave a
bit more room for the three generations. That is, 4b allows for 8 real degrees of
freedom, not quite enough for three generations with three independent directions
of momentum, but close. Again, the fact that the number of degrees of freedom
is less than in the standard model provides a mechanism for modelling neutrino
oscillations. But this version is much closer to the standard model than the previous
suggestion, because it allows the neutrino to have an intrinsic property related to
the generation.

7. Beyond the standard model

7.1. Mass and gravity. I take it as fundamental that the symmetry group of
Einstein’s equation

m2c4 + p2c2 − E2 = 0(77)

is the group SO(4, 1). At the quantum level it is necessary to restrict to a compact
group, that is SO(4), which implies that energy is treated as a scalar. In relativity,
on the other hand, it is usual to treat (rest) mass as a scalar, and therefore to
work with the group SO(3, 1). The way that these groups are combined in the
usual formalism is to complexify the Clifford algebra, so that both signatures can
be treated simultaneously. However, this blurs the distinction between mass and
energy in a rather unfortunate way.
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It seems to me, therefore, that it may be better to maintain a clear distinction
between mass and energy, and work with 5-momentum rather than 4-momentum.
Since 5-momentum is a generalisation of both energy and mass, it would seem to be
a natural choice for the fundamental concept on which any realistic quantum theory
of gravity must ultimately be based. The gravitational force between two bodies
defined by their mutual 5-momenta must, by Newton’s third law, be described by
an anti-symmetric tensor. Since Newton’s law of universal gravitation depends on
the product of the masses, this tensor has rank 2. It is therefore a tensor with 10
degrees of freedom, the same number as there are in both the stress-energy tensor
and the Ricci tensor in general relativity.

The difference, however, is that because general relativity only works with 4-
momentum, not 5-momentum, the two tensors are defined instead as symmetric
rank 2 tensors on a Minkowski 3+1 spacetime, or its dual. While such a tensor can
fulfil many of the same functions as the anti-symmetric tensor on 5-momentum, it
is not the same tensor. In particular, some linear mass terms in one tensor appear
as quadratic mass terms in the other. Moreover, since a symmetric tensor does not
comply with Newton’s third law, the basic premise of general relativity implies that
gravity is not a force in the Newtonian sense. That is, of course, the usual modern
interpretation. But if it isn’t regarded as a force, then it is hard to see how it can
be quantised in any reasonable way.

In particular, the spin 2 representations that appear in the Ricci tensor restricted
to SO(4), and in the Riemann curvature tensor restricted to SO(3, 1), cannot in
this scheme represent quantised gravitons. The gravitons must live in the anti-
symmetric tensor, which breaks up as 3+3+4 for SO(4). Here, 3+3 represents spin
1 particles, namely photons, and 4 represents spin 1/2 particles, namely neutrinos.
This contrasts with the Ricci tensor, which breaks up as 1 + 4 + 5 for SO(4), and
which may well represent physical particles, although it is hard to see how these
could be interpreted as gravitons.

7.2. A new role for neutrinos? In other words, the basic premises of Einstein’s
equation for the equivalence of mass and energy, together with Newton’s third law,
and the hypothesis that gravity is a force that can be quantised, imply that the
force mediators are massless spin 1/2 particles. This is a rather startling conclusion,
given the fundamental assumption of Yang–Mills theory, that all forces are mediated
by gauge bosons. It is certainly not going to be easy to go against this universally
held belief. But it is hard to ignore this result, since it seems not to depend on any
assumptions beyond the fundamentals of spin. And there is one strong point in its
favour, which is that it does not require the existence of any particles beyond those
that are already known to exist.

Perhaps, on the other hand, it is possible to reconcile the two viewpoints by
considering how the neutrino interacts with matter: at both ends of its journey the
interaction is mediated, in the standard model, by a Z or W boson. Hence the
complete gravitational interaction involves two spin 1 intermediate vector bosons,
which could be considered to constitute a ‘spin 2 graviton’, albeit one of a highly
non-local kind.

Now we are ready to consider how to do the quantisation. For this purpose, we
need to use a finite group, and I propose that Alt(5) is the most suitable group,
for all the many reasons I have already given. The permutation representation
on 5 letters breaks up as 1 + 4a, on which there is an invariant Lorentzian metric.
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However, this does not permit any mixing of the scalar, whether that be interpreted
as energy or mass, with the rest of the representation. A better option, therefore,
may be to consider using the irreducible representation 5, that is the monomial
representation, that puts complex scalars of order 3 on each of the five letters. This
has the effect that the mass term comes as a triplet, for three generations, and so
do the momentum terms, so that even a massless neutrino can have a generation
label.

On the basis of these hypotheses, we conclude that quantum gravity must be
described by the tensor

Λ2(5) = 3a+ 3b+ 4a

= Λ2(1 + 4a).(78)

In particular, the change from the permutation representation to the monomial
representation does not change the analysis of the gravitational force. But it does
change the analysis of mass and energy, and incorporates the 3-generation structure
of matter directly into the definition of (gravitational) mass. Hence it provides a
modification of Newtonian gravity that is a consequence of the existence of three
generations. This could be interpreted as a failure of the strong equivalence princi-
ple. Alternatively, it might be interpreted as saying that the equivalence between
inertial and gravitational mass is locally valid, but not globally valid.

7.3. Lagrangian formulation. In order to formulate a Lagrangian, we need to
identify a particular representation to hold potential and kinetic energy. The ob-
vious choice is 4a, of which there are four copies in the group algebra. Now we
need a good way to separate the four copies, if possible into one copy for each of
the fundamental forces. I have already suggested one possibility, which is to tensor
4a with each of 3a, 3b, 4a and 5 in turn, and project onto the unique copy of 4a
in each case. The tensor product here corresponds to multiplication or division by
an infinitesimal, so that the whole operation can be converted into integration or
differentiation if desired. However, the quantum structure is actually discrete, so
that it is the infinitesimals that are fundamental, not the continuous functions.

I have discussed various possibilities for allocating various combinations of 3a,
3b, 4a and 5 to the standard model forces, but there seems to be no obvious way
of doing it, mainly because of the mixing of the different forces. One might for
example allocation electrodynamics to 3a + 3b, interpreted as the electromagnetic
field, or the adjoint representation of SL(2,C), for example. If so, the weak force
must contain 4a, in order to have something new, and 3a, in order to mix with the
left-handed part of electrodynamics. This therefore combines both the massive and
massless (primordial) versions, together with the Higgs boson. I have suggested
3a + 5 or 3b + 5 for the strong force, but these are both chiral representations, so
unlikely to be correct.

A non-chiral possibility is 4a + 5, but with a symmetry-breaking of either 4a
into 1 + 3 or 5 into 1 + 4. Since the standard model has effectively a three-term
Lagrangian, the latter splitting must be correct, so that the fourth term is available
for gravity, also represented in 4a+5, as the Einstein tensor. In particular, the three
copies of 4a in the weak, strong and gravitational forces create mixings between
the three, which manifest themselves in the creation of mass by both the weak
and strong forces. Moreover, in this scheme both the strong force and gravity are
described by 3a⊗ 3b = 4a+ 5.
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In both cases, 3a and 3b are represented in standard physics as complex con-
jugates of each other, in one case as representations of SU(3), in the other as
representations of SO(3,C). Neither of these complex structures is consistent with
the group algebra model, and they are not consistent with each other. This is
another manifestation of the well-known inconsistency of the standard model with
general relativity. But it also means that the strong force is missing one dimen-
sion from the 5 representation, which is separate from the 4a representation that
creates mass. In other words, the model predicts an extra quantum process that is
mass-neutral, and that does not exist in the standard model.

7.4. A new quantum process? I have already made such a prediction elsewhere,
namely the (hypothetical) process

e+ µ+ τ + 3p↔ ν + 5n.(79)

Certainly the total masses on the two sides are equal to within experimental un-
certainty, as is the total charge. The neutrino is necessary here in order to make
the spins match, but makes no detectable difference to the masses. It is not clear
whether a single neutrino is sufficient or whether perhaps three are required, but
this makes no material difference to the argument, and does not change any of the
conclusions. If this process takes place right-to-left, then the µ and τ will then
decay to electrons with the release of a vast amount of energy in the form of heat
and neutrinos and antineutrinos (but no photons, so the process is invisible). In
order to get the neutrons close enough together for this reaction to take place, they
must be inside the nucleus of an atom. And in order for the µ and τ to get far
enough away to avoid recombination, there must either be very large tidal forces
on the atomic nucleus, or the atom must be highly ionised, or both.

If this process is combined with an inverse β process, then we obtain

4n→ µ+ τ + 2p.(80)

This removes the need for the neutrino, but now the mass on the right hand side is
slightly greater than that on the left hand side, so the process needs an energy input
to get going. But then it can take place spontaneously in a very hot, completely
ionised beryllium atom, rotating very fast in a strong gravitational field, due to the
presence of a strong magnetic field. Such conditions exist in the solar corona, so
that this process provides a plausible mechanism for solar coronal heating. At the
same time, it burns up two whole nucleons, and tries to create a nucleus of nothing
but protons, which of course flies apart into hydrogen nuclei, or perhaps it can be
combined with an inverse β process to leave some helium behind.

In the opposite direction, the process creates nucleons out of leptons, but needs
a far greater energy input, and therefore much more extreme conditions, such as
centres of stars, or the Big Bang. But it is a process of nucleosynthesis that is
unknown to the standard model, and if it takes place in such extreme conditions
then it might explain why the standard model predictions of metal abundances
in the universe do not appear to be consistent with observations. In particular,
the process could take place with the three electrons and three protons in a lithium
atom, under conditions of extreme pressure and extreme heat, by first converting the
electrons to the higher generations, and then converting the whole lot into neutrons.
Thus the original 7 nucleons in lithium-7 have been converted into 9, and after some
beta decay to create electrons and protons, one ends up with beryllium-9.
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In particular, this process might be involved in the formation of neutron stars.
Moreover, since it takes out such a huge amount of energy, it results in rapid cooling.
The reason this process has not been seen on Earth (although arguably it might
have been seen, but gone unrecognised) is that although the required energy can
be easily supplied, the required pressure cannot.

7.5. Unification. Now to get unification going properly, we first have to undo
the past 150 years of unification, and start again from scratch, by separating out
electricity from magnetism, into 3a and 3b. Then we have to separate the weak
force into 4a, and the strong force into 5. At which point we discover that gravity
is already quantised, and there is no more work to do. Then at the macroscopic
level, we have four copies of 4a in the Lagrangian, and they can be mixed together
in arbitrary ways, with a GL(4,R) gauge group.

That is the group of general covariance, that says we can split the Lagrangian
any way we like, and we will always get the same answer. The splitting of the La-
grangian that is adopted in the standard model is therefore completely arbitrary,
and the so-called constants are nothing of the sort—they are artefacts of our de-
cision to separate gravity from the other forces, and therefore they are artefacts
of the particular gravitational environment we live in. The finite group suggests a
completely different way to split the Lagrangian, in such a way that we separate
four quantised forces rather than three, and therefore have a quantum gravity that
consists of half of the strong force, together with one more dimension that is new.

In order to give some names to the forces, and suggest an approximate mapping
onto the standard model forces, I shall call 3a the ‘electroweak’ force, and 3b the
‘magnetostrong’ force, although these names will quite likely be misleading. The
idea here is that 3a includes the forces that involve transfer of energy, and 3b
includes those that do not. Of course, this division is dependent on the observer’s
definition of energy, which we have to eliminate at some point. I shall also call 4a
the ‘graviweak’ force’, and 5 the ‘gravistrong’ force. Now the forces that are in the
standard model include all of 3a+3b+4a, and some of 5. Hence it seems reasonable
to call the missing part of the ‘gravistrong’ force ‘quantum gravity’, for want of a
better name.

We then obtain the Lagrangians from consideration of the tensor products

3a⊗ 4a = 3b+ 4a+ 5

3b⊗ 4a = 3a+ 4a+ 5

4a⊗ 4a = 1 + 3ab+ 4a+ 5

5⊗ 4a = 3a2b2 + 4a+ 5.(81)

The first two lines contain the Lagrangian for quantum electrodynamics, with the
clear action of the Dirac matrices in 4a swapping the left-handed 3a with the
right-handed 3b. The third line contains the modified Dirac algebra, with a clear
distinction between γ5 in the 5 representation, and the scalars in 1. While these
three lines in the standard model are used only for electro-weak unification, it is
clear at this point that they contain half of the strong force as well. The other half
of the strong force is in the last line, and differs from the third line in having 3a+3b
(three colours and three anti-colours) in place of 1 (no colour), thereby enforcing
colour confinement.
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8. Predictions and speculations

8.1. Quantum gravity. The proposal here for quantum gravity is then to base it
on the representation 5, rather than 4a as in general relativity. Effectively, then,
we extend the field-strength tensor

Λ2(4a) = 3a+ 3b(82)

of general relativity to the larger tensor

Λ2(5) = 3a+ 3b+ 4a.(83)

This suggests that the stress-energy tensor should similarly be extended from

S2(4a) = 1 + 4a+ 5(84)

to

S2(5) = 1 + 4a+ 5 + 5,(85)

that is by adding an extra copy of 5. Therefore we extend the 10 Einstein equations
to 15. These equations come from the equivalence of representations

S2(5) ∼= Λ2(6).(86)

The extra 5 equations appear to involve 5 fundamental gravitational masses, so that
mass itself is a 5-vector in this model, rather than a scalar. Rather than taking
only the neutron, proton and electron as fundamental, and equating the masses of
neutron and proton more or less to 1 and the electron to 0, for a scalar mass, we
seem to need to take these three masses independently, augmented by the other
two generations of electron. The extra five equations then relate these five masses
to properties of the spin 2 part of the gravitational action.

If this is correct, then it follows that the fundamental mass ratios must be related
to properties of the rotation of the Earth, which can be roughly separated into
components defined by its rotation on its own axis, its revolution around the Sun,
and the revolution of the Moon around the Earth. Of course, these components are
not completely independent of each other, so it will be impossible to write down
any exact equations at this stage. But we should be able to find some equations
that determine the five fundamental masses in terms of rotational and gravitational
parameters, to an accuracy of better than 1%. See Sections 8.2 and 8.3 for some
conjectures in this direction.

Let us now consider the Riemann Curvature Tensor. As it stands, this tensor
corresponds to

S2(Λ2(2a⊗ 2b)) = S2(Λ2(4a))

= S2(3a+ 3b)

= 12 + 4a+ 53.(87)

But this tensor does not take account of the fermionic nature of the electron, proton
and neutron. It may be worthwhile to replace the ‘bosonic’ monomial representation
3a+ 3b by the corresponding ‘fermionic’ representation 6, thus:

S2(2a⊗ S2(2b)) = S2(2a⊗ 3b)

= S2(6)

= 3a2b2 + 4a+ 5.(88)
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The effect of this proposed change is to replace two copes of 1 + 5, which might
represent the particles ν + 5n, by 3a + 3b, which might represent e + µ + τ + 3p.
Since this does not change the overall mass, it has no effect on Newtonian gravity,
but it does have an effect on general relativity. Most notably, it is no longer
possible to take out a scalar from the 21-dimensional tensor in order to leave a
20-dimensional curvature tensor. This scalar now plays the role of breaking the 3-
generation symmetry, and picking out the first generation electron as special. But
the group algebra requires this symmetry to be unbroken. In other words, this
modification of the Riemann Curvature Tensor is required in order to take account
of the fact that there are three generations of electron.

This representation corresponds to the adjoint representation of the gauge group
Sp(6), that has not been used at all so far. It therefore corresponds to a group of
coordinate changes, that appears to describe changes between different observers’
experiences of matter. We have now split up the entire faithless part of the group
algebra, into a field strength tensor Λ2(5) ∼= S2(4b), two equivalent representations
S2(5) and Λ2(6) sharing a scalar, whose equivalence contains and extends the Ein-
stein equations, and S2(6), which enhances the Riemann Curvature Tensor as a
description of the ‘shape of spacetime’ as defined by the observer’s assumptions
about the matter within it, plus one extra dimension to define the local mass scale.

Finally, note that this 21-dimensional representation can also be expressed as
S2(3a+ 4a) or S2(3b+ 4a). If we regard either 3a+ 4a or 3b+ 4a as an extension
of spacetime, we can act on it with a symmetry group SO(3, 4) that extends the
Lorentz group, so that the required replacement for the Riemann Curvature Tensor
can be identified with the symmetric square of the vector representation of SO(3, 4).
I first made this proposal in a lecture in Lausanne on 7th June 2017.

8.2. In search of the equations. In Section 7.4 I have already proposed one equa-
tion, which appears to derive from the representation theory by mapping the mono-
mial representation 5, which contains scalar factors 1, ω, ω̄ representing charges
0,+,− respectively, to the corresponding permutation representation 1 + 4a, which
separates the charge from the 4 masses, or the four charged particles from the one
neutral particle. This equation clearly does not depend on the gravitational field.

If we neglect the gravitational effects of the Moon for the moment, there are
just two obvious dimensionless parameters available, which we might as well take
to be the number of days in a year, say 365.24, and the tilt of the Earth’s axis,
say 23.44◦. With these parameters, we want to calculate the mass ratios of three
particles, presumably e, p and n. Experimentally, we have

n/p ≈ 1.001378,

e/p ≈ .000544617,(89)

for which the only plausible formulae are

1 + 1/(2× 365.24) ≈ 1.001369,

sin(23.44◦)/(2× 365.24) ≈ .000544558.(90)

Hence both formulae are accurate to within about .01%, which is much more accu-
rate than we could reasonably have hoped. Even the difference between the neutron
and proton masses is postdicted to an accuracy of better than 1%.
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8.3. Pions and kaons. At this stage we have two more gravitational parameters,
but only one more mass ratio, so perhaps I have not made the right choice of
fundamental mass ratios. Here I consider an alternative. The change of signature
from SU(3) to SU(2, 1) imposed by the structure of the group algebra has profound
consequences for the interpretation of the strong force. Instead of the 8 massless
gluons that are assumed to lie in the adjoint representation of SU(3), we now appear
to have 8 gauge bosons which between them have four distinct masses. These
must include the three pions, that mediate the strong force between nucleons, and
presumably also the kaons. This gives us 4 masses, but seemingly only 7 particles.

However, it is clear that the four boosts must represent the four charged particles,
so that the rotations represent the neutral particles, forming a group U(2), and
therefore splitting 1 + 3 into mass eigenstates. In other words, the model counts
three neutral kaons, in the adjoint representation of SU(2)R, rather than two, in
two separate 2-dimensional representations of SU(2)L, as in the standard model.
Hence the group algebra model is incompatible with the standard model at this
point. However, it is not incompatible with experiment, which very clearly detects
three distinct neutral kaons with the same mass.

Moreover, the model provides a physical explanation for kaon oscillations be-
tween the three eigenstates, in terms of the action of SU(2)R, which represents
antineutrinos. That is, a kaon changes state as a result of an interaction with an
antineutrino. These antineutrinos combine in pairs (one in and one out) to create
the gravitational field in 3b. In other words, the source of the antineutrinos that
cause kaon oscillations is the gravitational field itself. Hence the ‘mixing angle’
between kaon states is simply the angle between the directions of the gravitational
field at the locations of the two measurements.

The original experiment [36] that detected these oscillations was carried out
over a horizontal distance of 57 feet, that corresponds to an angle of approximately
2.73× 10−6 radians, assuming a mean radius of the Earth of around 6367 km. The
lifetimes of the relevant two kaon eigenstates differ by a factor of approximately 570,
which means that the model postdicts that approximately .16% of detected decays
will be two pion decays. The experiment found 45 ± 9 in a sample of 22700, that
is .20%± .04%, so that my postdiction is consistent with the experimental results,
to an accuracy of 1σ. The fact that the proposed model can make an accurate
postdiction of this kind, that the standard model did not predict in advance, is a
strong argument in its favour.

Admittedly, it is only a postdiction at this stage, but it can be converted into
a genuine prediction that the effect depends on the geometry of the experiment
relative to the gravitational field. Hence I predict that different results will be
obtained for different experimental geometries. This can be tested. Given that the
standard model makes predictions about kaon decays that are not consistent with
experiment [37, 38], I suggest that my alternative proposals should be tested.

Now it must also be taken into account that in order to obtain the subgroup
SU(2, 1) of Spin(5, 1) we have to break the symmetry of the finite group, from
the binary icosahedral group SL(2, 5) to the binary tetrahedral group SL(2, 3).
This breaks the symmetry of the representation 5 into 2 + 3, in such a way that
the 3 is equivalent to the restrictions of both 3a and 3b. Hence the 3-dimensional
representation is now playing three roles simultaneously, in the weak force, the
strong force and gravity.
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More importantly, the adjoint representation of SU(2, 1) cannot be identified
with any sum of irreducible representations of the finite group. Of course, this is
understood in the standard model, since this copy of SU(2, 1) is not considered to
be the same as the gauge group SU(3) of the strong force. But in fact there is no
group SU(3) in the group algebra that has the properties of the standard model
colour SU(3). Given the impressive range of predictions already made by the group
algebra model, this could be a problem for the standard model.

Going back to the unbroken symmetry, we have both pion and kaon masses
represented in the representation 5, and hence we can hope to find mass ratios
corresponding to the number of days in a month, and the inclination of the Moon’s
orbit. For this purpose, a lunar month seems most appropriate, at 29.53 solar days,
but we should not expect very great accuracy from any particular way of counting
the number of days in a month. The inclination of the Moon’s orbit is around 5.14◦

on average, but varies between 4.99◦ and 5.30◦ on a cycle of length approximately
343 days, so again we should not expect great accuracy.

Experimental values of the mass ratios are

π±/π0 ≈ 139.570/134.977

≈ 1.03403

K±/K0 ≈ 493.68/497.65

≈ .99202(91)

compared to possible theoretical estimates

1 + 1/29.53 ≈ 1.03386

cos2(5.14◦) ≈ .99197,(92)

where the appearance of cos2 arises from the fact that 5 is a spin 2 representation.
Of course, these conjectures are speculative, and may not be very convincing until
a more complete model is built. But they are accurate to .05%, which would be
quite remarkable if these were pure coincidences.

8.4. The Koide formula. The empirical Koide formula [39] relates the masses of
the three generations of electron as follows:

me +mµ +mτ

(
√
me +

√
mµ +

√
mτ )2

≈ 2

3
.(93)

Although there is no generally accepted reason why this formula should hold, it
has been predictive of more accurate values of the τ mass, and it has not been
experimentally falsified yet. Writing x, y, z for the square roots of the masses, the
formula can be re-arranged into the form

x2 + y2 + z2 ≈ 4(xy + xz + yz).(94)

In the group algebra model, masses for all three generations lie in the represen-
tation 5. Moreover, the generations are labelled by the representation 3b. Since
S2(3b) = 1 + 5, we might expect to find the square roots of the masses in 3b. If
we therefore take coordinates x, y, z for 3b, with the permutation (x, y, z) acting as
a generation symmetry for electrons, then we have coordinates x2, y2, z2, xy, xz, yz
for 1 + 5, in which x2 + y2 + z2 spans the scalar. The element of order 3 fixes also
the vector xy+ xz+ yz. Hence there is some multiple of xy+ xz+ yz that is equal
to the sum of the masses of the three generations, that is x2 + y2 + z2.
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Why this multiple should be 4, I do not know, but I suspect it comes somehow
from the relationship between 5 and 1 + 4a. On the other hand, it may come from
the relationship between the permutation representation 1 + 5 and either 3a + 3b
or 6, both of which are monomial representations on 6 points.

Now there is an experimental problem, that while both the Koide formula and
my formula (relating the three electron masses to the proton and neutron masses)
are consistent with experiment, they are not consistent with each other. That is,
they both offer predictions of the mass of the tau particle to at least 8 significant
figures, of which only the first 4 or 5 agree. In terms of the model, the representation
5 contains not only the three generations of electron, but two more particles that
I have identified as the proton and the neutron. By reducing the representation
modulo 3 (see Section 9.1), we can separate the mass from the charge into 1 + 4a
and obtain my formula.

But to get the Koide formula, we have to split the representation into leptons and
baryons, as 2+3. There is no mathematical operation that achieves this, other than
breaking the symmetry by restricting to a subgroup. This has the effect of ignoring
the difference in mass between the proton and the neutron. Hence the Koide formula
is only approximately correct. The fact that it is such an extraordinarily good
approximation is entirely due to the fact that the proton and neutron masses are
so nearly equal. If the above conjecture regarding the origin of this mass difference
is accepted, then we could say that the reason for its accuracy is that there are so
many days in the year!

8.5. Variable gravity. The change that we have made to the Riemann Curvature
Tensor effectively mixes the three generations of electron, and therefore has the
effect that the ratio of gravitational to inertial mass for the electron is not constant,
but depends on the local values of the tensor. If we take the inertial mass to be
fixed, as it is in the standard model, then this means that the gravitational mass of
an electron can vary according to the local conditions. This obviously has a very
small effect on the actual gravitational force on ordinary matter, since there is such
a small range of conceivable values for the electron mass.

Even if we consider the whole range from 0 up to the difference between the
neutron and proton masses, the effect could never be bigger than .1%. The actual
range that might be achievable in experiments may be considerably smaller than
this. There are in fact at least four independent experimental anomalies that might
in principle be explained an effect of this kind. These are

• inconsistent measurements of Newton’s gravitational constant G;
• galaxy rotation curves inconsistent with Newtonian gravity;
• the flyby anomaly;
• the Pioneer anomaly.

Many proposals have been made to explain these anomalies, and some are regarded
as adequately explained already. But if the current proposal can explain them all
simultaneously, then it may be considered more satisfactory than having separate
ad hoc explanations of each one.

Consider first the measurements of G [40, 41, 42, 43]. Here we should expect to
find different values of G for different materials, based essentially on the proportion
of the total mass that can be attributed to electrons. For typical heavy metals
this proportion does not vary much from one element to another, but for lighter
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elements, including iron, it is significantly larger. Thus we might expect slightly
different results in the two cases. The difference amounts to roughly 3.6 electrons
per iron atom, which is approximately 40ppm. Now if we look at the whole range
of potential gravitational masses, this translates to a difference anywhere from
0 to 100ppm. If both masses in the experiment are affected, this could double
to 200ppm. This range is sufficiently large to cover the reported anomalies, and
suggests that it is worth taking a more detailed look at the individual experiments,
to see if there are indeed correlations of the kind I suggest between the materials
used in the experiment and the values of G that are reported in the results. If
so, one can then try see if the magnitudes of the anomalies are consistent with an
explanation of the kind proposed.

Next consider galaxy rotation curves. Here the standard LCDM (Λ cold dark
matter) model invokes ‘dark matter’ as a hypothetical constituent of galaxies, but
no such matter has ever been detected in the laboratory. Alternative theories such
as MOND (modified Newtonian dynamics) are empirical laws [44, 45, 46], without
any physical explanation, but reportedly do a better job of describing what is
actually observed [47, 48]. There are various different ways of looking at MOND-
type models, many of which are equivalent to a failure of the equivalence principle
in some form, either as a variable gravitational-to-inertial mass ratio, or a variable
gravitational ‘constant’ G. My model can be interpreted in either of these ways,
but is actually more subtle than either of them. Since the electron mass depends
on an angle between two different rotations, it is the rotation of the galaxy itself
that is key to the understanding of the effects normally attributed to dark matter.

Now it is possible to use these ideas to estimate the critical acceleration below
which the MOND effects become noticeable. For this, we need to appreciate that
our own rotation within the Milky Way affects our own understanding of the local
gravitational fields that we measure. Since this rotation is effectively ignored in our
modelling of gravity within the Solar System, our models of gravity cannot be more
accurate than this. In other words, below a critical acceleration roughly equal to
our own acceleration towards the centre of the Milky Way, both Newtonian gravity
and general relativity break down. This is indeed what is observed.

If this is really true, it means that the entire basis of our theories of gravity is
misconceived, and that mass is an effect of gravity, not the cause. It is rotation
that is the cause of gravity, not the other way around. This provides a whole new
paradigm for gravity [49], for which we seek new experimental evidence. Now the
flyby anomaly [50, 51] arises when a spacecraft flies close to the Earth in order
to pick up speed from the motion of the Earth around the Sun. In a number of
instances, the increase in speed is observed to be greater than that predicted by the
theory. But in some instances, no anomalous increase in speed was detected, and in
one case the anomaly had the opposite sign. An empirical law describing the effect
was obtained, that was dependent on the effective rotation of the spacecraft in the
North-South direction. Now rotations are described by the representation 3a or 3b,
so that the two rotations of the Earth and the spacecraft are perpendicular vectors
in (say) 3a, and the gravitational effect of these two rotations lies in S2(3a) = 1+5.
The magnitude of the effect lies in the spin 2 representation, and is proportional to

cos I − cosO = 2 sin((O + I)/2) sin((O − I)/2),(95)

where I and O are the effective latitudes of the inbound and outbound trajectories.
The fact that this formula is a product of sines is what puts it into S2(3a).
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Finally, let us consider the Pioneer anomaly [52, 53]. This was an effect that was
detected in two Pioneer spacecraft, once they had finished their manoeuvres in the
outer Solar System and were left to coast on out of the Solar System altogether.
An anomalous acceleration towards the Sun, of the same magnitude as the critical
acceleration mentioned above, was detected. While it is nowadays accepted that
the anomaly can be explained by greater experimental uncertainties and systematic
biases than were originally built into the analysis, there is also the possibility that
the effect was real, and that the experiment actually did detect the rotation of the
Solar System around the centre of the galaxy.

No discussion of variable gravity can be considered complete without mention
of dark energy or the cosmological constant. Recent experiments [54, 55, 56] do
indeed cast doubt on the existence of this concept, although it is an essential part of
standard cosmology. In the group algebra model, two scalars in 1+5 are replaced by
vectors in 3a+ 3b. One of them represents dark matter, and has been conclusively
dealt with in the preceding discussion. The other one represents dark energy, which
likewise does not exist in the proposed model. It is replaced, again, by another
rotation. I suspect that this is a rotation on an even larger scale than the entire
galaxy.

9. Modular representations

9.1. Reduction modulo 3. The interplay between 1+4a and 5, as well as between
2a + 2b and 4b, suggested by the above discussion can be studied in terms of the
3-modular representation theory, along the lines taken in [4]. This is because the
differences appear only in the column headed w, where the elements of order 3
occur. The 3-modular Brauer character table [16, 17] is as follows:

±1 i ±t ±s
1 1 1 1 1
3a 3 −1 τ σ
3b 3 −1 σ τ
4a 4 0 −1 −1
2a ±2 0 ∓τ ∓σ
2b ±2 0 ∓σ ∓τ
6 ±6 0 ±1 ±1

(96)

That is, we have just deleted the column headed w and the rows 5 and 4b. There
is an extra subtlety, though, in that in order to represent τ and σ we need a square
root of 5, or equivalently, modulo 3, a square root of −1. Hence we need to work
over the field of order 9 if we want to distinguish 3a from 3b and 2a from 2b. On the
other hand, if we want to work over the field of order 3, we can simply add these
rows together, and amalgamate the last two columns, and work with the table

±1 i ±t
1 1 1 1
4c 4 0 −1
6a 6 −2 1
4d ±4 0 ∓1
6b ±6 0 ±1

(97)
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All the characters with degree divisible by 3 split off into separate blocks. The
other projective indecomposable modules have structures

1
4a
1

4a
1
4a

2a
2b
2a

2b
2a
2b

(98)

over the larger field, and

1
4c
1

4c
1
4c

4d
4d
4d

(99)

over the prime field. Thus we have the same structure as in [4], that is effectively
three Weyl spinors glued on top of each other. The only difference here is that
there is a larger symmetry group to play with.

One curious feature of this larger symmetry group is that there is an embedding
of SL(2, 5) in SL(2, 9), where the field of order 9 consists of the elements

0,±1,±i,±1± i(100)

satisfying the rules 1+1 = −1 and i2 = −1. Hence, over this field, the 2-dimensional
representations behave as though they were complex conjugates of each other. In
other words, at the discrete level we can treat 2a and 2b very much like Weyl
spinors, swapped by the field automorphism that negates i, as a finite analogue of
complex conjugation. But this ‘complex conjugation’ only exists at the discrete
level, and does not lift to complex conjugation at the continuous level.

Over the field of order 3, the combined representation 4d represents the finite
analogue of a Weyl or Dirac spinor, and the constituents of its tensor square are

4d⊗ 4d ∼ 1 + 4c+ 6a+ 4c+ 1.(101)

The copy of 6a splits off as a direct summand, but it is not possible to split the
scalars from the copies of 4c. Note that

4c⊗ 4c ∼ 1 + 4c+ 6a+ 4c+ 1(102)

also, so that for certain purposes we may not need to distinguish between 4c and
4d. The constituents of some other representations are

Λ2(6a) ∼ 1 + 4c+ 6a+ 4c,

Λ2(6b) ∼ 1 + 4c+ 1 + 4c+ 1 + 4c.(103)

It may be that the series of groups

SL(2, 3) ⊂ SL(2, 5) ⊂ SL(2, 9)(104)

has something interesting to tell us about the relationship between SU(2) and
SL(2,C) in the standard model. Here, SL(2, 3) is the finite (modulo 3) analogue
of SU(2), and SL(2, 9) is the finite (modulo 3) analogue of SL(2,C). In Lie group
terms, there is nothing in between SU(2) and SL(2,C). The curious fact that
modulo 3, and only modulo 3, there is another group in between, may have profound
consequences for the structure of the discrete symmetries of quantum mechanics.
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9.2. Reduction modulo 2. On reduction modulo 2 we lose the distinction be-
tween fermionic and bosonic representations, and have just four irreducibles

1 w t s
1 1 1 1
2 −1 −τ −σ
2 −1 −σ −τ
4 1 1 −1

(105)

Again, over the field of order 2 we have to combine s and t, and τ and σ, to get

1 w t
1 1 1 1
4e 4 −2 −1
4f 4 1 −1

(106)

Here, 4e is what remains of the Dirac spinor, and 4f is what remains of spacetime.
There is not much information left in this table, but for what it is worth, we have

Λ2(4e) ∼ 1 + 1 + 4f

Λ2(4f) ∼ 1 + 1 + 4e

S2(4e) ∼ 1 + 1 + 4e+ 4f

S2(4f) ∼ 1 + 1 + 4e+ 4f

4e⊗ 4f ∼ 1 + 1 + 1 + 1 + 4e+ 4e+ 4e(107)

In all cases, 4f splits off as a direct summand, but 4e and 1 can glue together in
quite complicated ways. In other words, the mathematics may allow us to glue some
scalars, such as mass and charge, onto the spinors, without affecting the spacetime
representation.

9.3. Reduction modulo 5. On reduction modulo 5, the spacetime representation
4a breaks up as 1+3, and therefore blurs the distinction between Minkowski space-
time and Euclidean spacetime. Similarly, 6 breaks up as 2 + 4, and the distinction
between left-handed 2a (and 3a) and right-handed 2b (and 3b) disappears. The
Brauer character table is as follows:

±1 i ±w
1 1 1 1
3 3 −1 0
5 5 1 −1
2 2 0 −1
4 4 0 1

(108)

The representation 5 is projective, so splits off into a block of its own. The other
four PIMs have the following structures:

1
3
1

3
1 + 3

3

4
2
4

2
2 + 4

2
(109)

There is at least a superficial resemblance between the first two PIMs here and
the 5 + 10 splitting of fermion labels in the Georgi–Glashow model. Moreover, the
second of these occurs three times in the group algebra, which permits a generation
label for that subset of the fermions. This would give us an interpretation of 1.3.1,
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reading from bottom to top, as a neutrino, three left-handed (anti)down quarks,
and a left-handed electron. Similarly, 3.(1+3).3 would consist of three right-handed
down, one right-handed electron and three left-handed up, with right-handed up
quarks in the top layer.

However, the Georgi–Glashow model may not necessarily give the best clues as
to how to interpret these representations. I have suggested, for example, an inter-
pretation of the first PIM as leptons only, with the quarks in 5+5. This gives us one
neutrino, three left-handed electrons for three generations, and one right-handed
electron to hold the charge. Note also that this PIM is equivalent to the reduction
modulo 5 of the permutation representation on five letters. I have suggested else-
where [4] that the five letters might represent five physical particles, not including
quarks. If so, there is little choice for them except the three generations of electron,
the proton and the neutron.

Possibly the most significant part of the reduction modulo 5 is that it permits
us to model a quantised version of Lorentz transformations on either 1.3 or 3.1 in
place of Euclidean spacetime in 4a. Lifting back to the real representations, this
corresponds to a ‘mixing’ between 4a and both 1 + 3a and 1 + 3b. We may then
compare

Λ2(4a) = 3a+ 3b

Λ2(1 + 3a) = 3a+ 3a

Λ2(1 + 3b) = 3b+ 3b

S2(4a) = 1 + 4a+ 5

S2(1 + 3a) = 1 + 1 + 3a+ 5

S2(1 + 3b) = 1 + 1 + 3b+ 5(110)

Here we see a subtle distinction between 3a+ 3b and 3a+ 3a (or 3b+ 3b) for the
Euclidean and Minkowski versions of the electromagnetic field. In the Minkowski
case, both 3a+ 3a and 3b+ 3b can be regarded as complex 3-spaces, on which the
real quadratic form can be extended either to a complex quadratic form or to an
Hermitian form. In the former case, the group SO(3,C) ∼= SO(3, 1) acts, together
with a scalar U(1), while in the latter case the group is U(3). In particular, we
could use 3a + 3a for electromagnetism and Maxwell’s equations, and 3b + 3b for
the strong force. Then 3a + 3b would have to represent the weak force, mixed up
with both.

9.4. Combining the primes. The binary icosahedral group has the unusual prop-
erty that it can be written as a product of its Sylow subgroups. Indeed, since any
element of order 5 acts transitively on the cosets of the subgroup SL(2, 3), and the
latter can be factorised as a semi-direct product of the quaternion group Q8 and
the cyclic group Z3, we have

SL(2, 5) = SL(2, 3)Z5

= Q8Z3Z5.(111)

However, neither SL(2, 3) nor Z5 is a normal subgroup, so we must be very careful
how we interpret this structure. The three factors ‘mix’ together in complicated
and confusing ways.
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Roughly speaking, Q8 governs the weak force, Z3 governs electromagnetism,
and Z5 governs the strong force, but the way they mix together makes unification
extremely complicated. Electroweak unification proceeds by taking SU(2) as the
Lie group corresponding to Q8, and U(1) as the Lie group corresponding to Z3,
and the ‘mixing’ arises from the fact that Z3 does not commute with Q8. Now in
fact SL(2, 3) is a subgroup of SU(2), so that it is possible to unify the two forces
with SU(2), but this requires the identification of four distinct copies of U(1) inside
SU(2), corresponding to four distinct copies of Z3 inside SL(2, 3). This is not done
in the standard model, where only a single copy of U(1) inside SU(2) is used.
Hence the standard model is not able to complete the unification by incorporating
the three generations. The group algebra model, however, is able to use three copies
of Z3 as generators for three copies of U(1), one for each generation, permuted by
the fourth copy of Z3 as a generation symmetry.

This is already complicated enough, but unification with the strong force is much
worse. It is not even clear that the correspondence between the finite model and
the standard model is close enough to describe the similarities and differences in
any meaningful way. But let us try. What we have to do is relate five copies of
SL(2, 3) to each other, using a copy of Z5. Replacing SL(2, 3) by SU(2) and Z5

by U(1), we now need to combine these two groups in a more complicated way
than before, since SU(2) no longer corresponds to a normal subgroup in the finite
group. We have to have five different copies of SU(2). Now if we embed SU(2) in
SU(3), it is normalised by U(2), so that there is a 4-parameter family of copies of
SU(2). In particular, we can find an element of order 5 permuting five copies of
SU(2) within this 4-parameter family.

So far so good, but at this point the two models part company rather seriously,
since it is not possible for the group SU(3) to mimic the required properties of
SL(2, 5). The standard model, moreover, treats the five copies of SU(2) as though
they were all equal. In the finite model, however, we have described in detail
one copy of SL(2, 3) that describes three generations of electromagnetism, that is,
using three generations of electron, all related to the same proton. In particular,
the finite model is able to describe a three-generation system that the standard
model cannot describe. It is therefore quite clear that at this point the finite model
has huge advantages over the standard model.

The generation symmetry is described by a particular copy of Z3, that lies in
exactly one other copy of SL(2, 3). The standard model treats these two as being
the same, and therefore incorporates an involution that swaps them. Hence the
apparent utility of a model based on GL(2, 3), as described in [4]. However, this
involution appears in the new model not to be a symmetry of the real world. It
is an approximate symmetry that is useful in certain circumstances, but is not
fundamental to the structure of matter. What the standard model then does is
interpret two copies of SL(2, 3) as representing the weak force, and the other three
as representing the strong force.

From this point on, the two models diverge very significantly, so that there is
little point in pursuing this train of thought any further. In the finite group model
we have to treat two copies of SL(2, 3) as describing the two types of leptons:
neutrinos and electrons. The other three must then describe quarks, but such that
the flavour and colour symmetries are arranged in quite a different way from the
standard model.
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10. Conclusion

In this paper I have examined the hypothesis that there are close connections
between the representation theory of the binary icosahedral group, on one hand, and
various models that attempt to go beyond the standard model of particle physics,
on the other. Many such connections have been found, but the question remains: is
there a deeper meaning to these connections, or not? One or two general principles
have emerged from this investigation, the first of which is that, as a general rule,
symmetric tensors describe matter and structures, while anti-symmetric tensors
describe forces.

The second is a correspondence between permutation representations, in partic-
ular 1+4a and 1+5, and monomial representations, here 5 and 3a+3b respectively.
The monomial representation 5 introduces a triplet symmetry to the fundamental
concept of mass, and hence provides a place to model the three generations. The
monomial representation 3a+ 3b introduces a doublet symmetry to the fundamen-
tal particles, extending their number from 6 to 12. The forces then do not depend
on whether we use the permutation representation or the monomial representation,
since

Λ2(1 + 4a) = 3a+ 3b+ 4a

= Λ2(5)

Λ2(1 + 5) = 3a+ 3b+ 4a+ 5

= Λ2(3a+ 3b).(112)

Matter in the two cases appears to be described by

S2(4a) = 1 + 4a+ 5

S2(5) = 1 + 4a+ 5 + 5.(113)

It then appears that there is not as much difference as might have been thought,
between the 4a case, on which the theory of relativity can be built, and the 5 case,
on which the standard model of particle physics can be built.

A third principle is the reduction of representations modulo 2 (which again relates
1 + 5 to 3a+ 3b), modulo 3 (which relates 1 + 4a to 5) and modulo 5 (which relates
1 + 3a and 1 + 3b to 4a). One of the main themes of this paper has been the
similarities and differences between Λ2(1 + 5) and S2(5). For many purposes they
seem to be interchangeable, but they are different representations and therefore have
different physical interpretations. I have suggested the former for boson labels, and
the latter for fermion labels. Supersymmetry is an apparent (but mathematically
inconsistent, and therefore not real) correspondence between the two.

General relativity is described by the field strength tensor in Λ2(4a) and the
stress-energy tensor in S2(4a), but appears to lack the force term in 4a, so that
gravity is interpreted not as a force, but as curvature in spacetime (itself described
by the 4a representation), via the Riemann Curvature Tensor in S2(Λ2(4a)). This
model therefore suggests that it may be possible to restore gravity to the status of
a force, by extending Λ2(4a) to Λ2(1 + 4a) = Λ2(5). Furthermore, by extending
again to Λ2(1 + 5), we obtain the same force tensor as in particle physics. In other
words, the incompatibility of general relativity with particle physics seems to have
disappeared, at least at the level of the finite symmetries.
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Of course, this is not yet a unified theory, and there is no guarantee that the
Lie groups can be made to match up as closely as the finite group representations.
But it does suggest a new place to try to build the foundations for such a theory.
Moreover, even in its current very rudimentary form, the model makes predictions
about kaon decays that are different from the standard model predictions, some of
which are known to contradict experiment. Therefore the model offers a revised
description of kaons that can be tested experimentally against the standard model
description. Finally, I would like to point out that my model correctly postdicts six
fundamental dimensionless constants, all to an accuracy of .05% or better.

As far as quantum gravity and cosmology are concerned, the model suggests
that a modification of general relativity is required in order to incorporate three
generations of electrons into the description of the matter in the universe, and the
effective gravitational force that arises as a consequence. I have shown that dark
matter can be effectively modelled as the differences between the three generations,
in such a way that it does not consist of particles, and can never be detected as
particles. I have shown, moreover, the importance of taking into account rotations
in the modelling of gravity, and therefore of mass. Such rotations appear to explain
many things that cannot be explained in any other way.
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