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Quaternionic reflections and (non)locality

Robert Arnott Wilson

Abstract

Bell’s Theorem proves that the measurement of spins in quantum mechanics must be non-
local, but does not prove that elementary particle interactions cannot be described locally. The
existence of four-dimensional spacetime implies that the only possibility for a local, and therefore
finite, symmetry group of elementary particle interactions is the binary icosahedral group of
order 120. This group acts on Dirac spinors via 10 pairs of quaternionic reflections associated
to the elementary fermions, and its group algebra contains both the full gauge group of the
standard model of particle physics, and the Lorentz group. It also contains Clifford algebras for
all possible signatures of spacetime, and permits non-inertial transformations between reference
frames. Taken together, these properties suggest ways in which it may be possible to extend the
standard model to include corrections for general relativity.

1. Quaternions and spin

1.1. The spin group

The fundamental symmetry group in quantum mechanics is the spin group, variously known
as Spin(3), or the special unitary group SU(2) or the symplectic group Sp(1). In the physics
literature [1, 2] it is usually written in terms of Pauli matrices

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
, (1.1)

so that generators for the Lie group are obtained by exponentiating the Lie algebra generators
iσ1, iσ2 and iσ3. The choice of σ3 as a diagonal matrix corresponds to the conventional choice of
the z direction in which to measure spin. If we want to study more subtle properties of quantum
mechanics, such as entanglement of particle spins, it is useful to adopt a more symmetrical
notation by using quaternions i, j and k in place of −iσ1, −iσ2 and −iσ3 respectively.

The negative sign here is simply a convention to ensure that the standard quaternion
multiplication

i2 = j2 = k2 = −1, ij = −ji = k, jk = −kj = i, ki = −ik = j (1.2)

is compatible with the standard matrix multiplication, and is most appropriate if we want the
group to act by right-multiplication on spinors. The opposite convention is more appropriate
for left-multiplications. For any quaternion q its conjugate q̄ and (squared) norm qq̄ are given
in coordinate form by

q = w + xi + yj + zk, q̄ = w − xi− yj− zk, qq̄ = w2 + x2 + y2 + z2, (1.3)

where w, x, y, z are real numbers. Then the spin group Sp(1) consists of all quaternions of norm
1, under quaternion multiplication.
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1.2. Non-locality

The imaginary part xi + yj + zk of a quaternion corresponds to a spatial 3-vector (x, y, z) so
that the spin group can describe spin in an arbitrary direction in space. On the other hand, it is
well-known that the Stern–Gerlach experiment [3] proves that the spin direction for elementary
particles, and even for quite large composite structures, is discrete. Indeed, Bell’s inequality [4],
and/or a number of related results such as the Kochen–Specker paradox [5] and the ‘Free Will
Theorem’ [6, 7], implies that the direction of spin cannot be locally defined even theoretically.
It follows that the continuous variables in the spin group do not describe intrinsic properties
of elementary particles, but instead relate to the spacetime coordinates of the environment or
the experiment. In this sense the spin group itself is inherently non-local, although the nature
of this non-locality in the context of entanglement [8] remains puzzling, as does its scale.

What this means mathematically is that if we want to rescue the idea of locality for
elementary particle interactions, then the only possibility is to restrict the symmetry group of
spin from SU(2) to a finite group. Of course, it is not obvious that there is a local model at all,
and experiments on entangled particles certainly give the impression that quantum mechanics
is inherently non-local. But it is important to distinguish carefully between the properties that
are definitely proved to be non-local, and those that might still be local.

In general, the non-locality applies to measurements, and not necessarily to internal states
or interactions. Any continuous variable should automatically be suspected of being non-local,
but discrete variables are most likely to be local. In particular, experimental verification of the
violation of Bell’s inequality rules out the possibility that continuous local hidden variables
can explain the observed behaviour, but does not rule out the possibility that discrete local
hidden variables might do this. For this purpose, a reasonably large finite subgroup of SU(2)
has a good chance of containing suitable extra quantum numbers.

1.3. Finite subgroups of the quaternions

Since SU(2) is isomorphic to the multiplicative group of quaternions of norm 1, it follows
that finite subgroups of SU(2) are equivalent to finite subgroups of the real quaternion algebra
H. They were classified in complex form by Klein [9] in 1876 and an elegant quaternionic
description is given by Du Val [10]. Apart from the cyclic groups, that already lie in the
complex numbers C, they consist of one infinite family of dicyclic groups 2Dn for n ≥ 3, and
three exceptional cases known as the binary tetrahedral group 2T , the binary octahedral group
2O and the binary icosahedral group 2I.

Up to conjugacy in the quaternions, these groups can be generated as follows:

2Dn = 〈cosπ/n+ i sinπ/n, j〉,
2T = 〈i, (−1 + i + j + k)/2〉,
2O = 〈i, (−1 + i + j + k)/2, (i− j)/

√
2〉,

2I = 〈i, (−1 + i + j + k)/2, (i− σj− τk)/2〉, (1.4)

where τ = (1 +
√

5)/2 and σ = (1−
√

5)/2. The dicyclic group 2Dn has order 4n, while 2T has
order 24, 2O has order 48 and 2I has order 120.

All these groups can act on the quaternions by either left-multiplication or right-
multiplication, or by conjugation. In the conjugation action a group element g maps an
arbitrary quaternion q to g−1qg, so that−1 maps q to itself, and the resulting group is a rotation
subgroup of SO(3) acting on the pure imaginary quaternions. The action by conjugation on
Euclidean 3-space gives the rotation groups of prisms and anti-prisms, and the Platonic solids,
that is the tetrahedron, the cube/octahedron and the dodecahedron/icosahedron. Since the
prisms/anti-prisms pick out a special direction in space, they are unlikely, or at least less
likely, to be useful for fundamental physics.
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Of all these groups, only the icosahedral group has an irreducible 4-dimensional real bosonic
representation, suitable for modelling spacetime and 4-momentum. Similarly, the binary
icosahedral group 2I is the only one that has an irreducible 4-dimensional complex (non-real)
fermionic representation, suitable for Dirac spinors. Note also that 2I comes in two distinct
chiral versions, obtained from each other by swapping j and k. This may be useful for modelling
the observed chirality of beta decay in a magnetic field [11]. Any one of these reasons is enough
to show that the binary icosahedral group is the only finite group that has any realistic chance
of underpinning a ‘local’ model of elementary particle interactions in quantum mechanics. Of
course, this does not imply that such a model exists. But these arguments do imply that if
a local model exists, then this is the only place it is possible to find it. Previously proposed
models [12, 13] using 2T or 2O cannot work, or at least cannot be complete.

Note incidentally that the proof of the Free Will Theorem [6, 7] relies on a carefully chosen
set of 33 spin axes in the spin 1 representation, which suggests (although it does not directly
prove) that the finite group has fewer than 33 spin axes. The number of spin axes of the
icosahedral (spin 1) representation of the group 2I is 6 + 10 + 15 = 31, arising from 6 pairs of
opposite vertices, 10 pairs of opposite faces and 15 pairs of opposite edges of the icosahedron.

2. The binary icosahedral group

2.1. Representations on quaternions

The group 2I and its representations are well-known and much studied in many contexts [14,
15, 16, 17, 18, 19, 20], although the quaternionic viewpoint that we shall need for an in-depth
study of spin directions is relatively rare in the literature. Let us take abstract generators for
2I as f, g, h, corresponding to the three quaternions given in (1.4), so that they satisfy the
following defining relations:

f2 = h2 = (gh)2 = −1, g3 = (fg)3 = (fh)3 = 1. (2.1)

The two-generator subgroups will be useful: f and g generate a copy of the binary tetrahedral
group 2T , while g and h generate one copy of 2D3, and f and h generate another copy of 2D3.

We can represent the elements f, g, h as (right-multiplications by) quaternions

f := i, g := (−1 + i + j + k)/2, h := (i− σj− τk)/2, (2.2)

or as left-multiplication by f̄, ḡ, h̄. These are equivalent ways of writing the fundamental
representation, that I shall denote 2a, the numeral denoting the fact that after substitution of
quaternions by Pauli matrices, as described in Section 1.1, it becomes a 2-dimensional unitary
representation. There is another representation 2b that can be obtained from 2a by swapping j
and k, or equivalently by changing the sign of

√
5, so that h is replaced by h′ := (i− τ j− σk)/2.

Although it is hard to distinguish 2a from 2bmathematically, they are physically quite different,
and form a chiral pair.

Now we can combine left and right multiplications to form various tensor product representa-
tions, including the two conjugation actions that split the quaternions into real and imaginary
parts. The following table summarises the representations constructed so far:

f g h
2a q 7→ qf q 7→ qg q 7→ qh
2b q 7→ qf q 7→ qg q 7→ qh′

2a⊗H 2a = 1 + 3a q 7→ f̄qf q 7→ ḡqg q 7→ h̄qh
2b⊗H 2b = 1 + 3b q 7→ f̄qf q 7→ ḡqg q 7→ h̄′qh′

2a⊗H 2b = 4a q 7→ f̄qf q 7→ ḡqg q 7→ h̄′qh

(2.3)

where q is an arbitrary real quaternion.
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The representations 2a and 2b are faithful (‘fermionic’) in the sense that −1 in the group acts
as −1 on the representation, while the other representations 1, 3a, 3b and 4a are unfaithful
(‘bosonic’) in the sense that −1 in the group acts as +1. This definition of fermionic and
bosonic representations of 2I should not be confused with the usual meanings of these words
in physics to describe representations of SL(2,C). Indeed, a crucial point later on is that the
identification of different copies of SL(2,C) causes a mismatch between these two usages, so
it is best to use only the mathematical terms faithful/unfaithful.

2.2. Larger representations

There is one further representation that can be constructed as a tensor product

6 = 2a⊗R 3b = 2b⊗R 3a. (2.4)

To construct this representation explicitly, we can convert 3b to 3× 3 real matrices, and
multiply each matrix by the corresponding quaternion in 2a, to obtain 3× 3 quaternion
matrices. The alternative of converting 3a to matrices, and multiplying by quaternions in 2b,
produces a representation with respect to a different basis. The relationship between these
two bases will be of great importance for the physical applications. For, after restricting
from quaternions to complex numbers we obtain two completely different algebras of 3× 3
complex matrices, in which to implement different copies of SU(3), with quite different physical
meanings.

The most important representation for our purposes will be the one remaining faithful
representation 4b, that is a 2-dimensional quaternionic representation in which we can
implement Dirac spinors. Explicit 4× 4 complex matrices for f, g, h in this representation were
given by Blichfeldt [21, p.141] in 1917, as part of his complete classification of finite subgroups
of SU(4), and attributed to Maschke [22]:

f 7→ i√
3


1 0 0

√
2

0 −1
√

2 0

0
√

2 1 0√
2 0 0 −1

 ,

g 7→


1 0 0 0
0 1 0 0
0 0 ω 0
0 0 0 ω2

 , h 7→ i

2


√

3 1 0 0

1 −
√

3 0 0
0 0 0 2
0 0 2 0

 , (2.5)

where ω = (−1 + i
√

3)/2. A direct translation into quaternionic form using Pauli matrices was
given by Cohen [15] in 1980, which I re-wrote in a different basis and inserted in [16, p.4].

An explicit copy of this last version can be taken as the following matrices acting on rows:

f 7→ g − g2

3

(
1 g2h− g

g2h− g2 gh

)
, g 7→

(
g 0
0 1

)
, h 7→

(
h 0
0 h

)
. (2.6)

Here we do not have to take exactly the quaternions g and h defined above, as all we require
from [16] is that the relations g + g2 = h2 = −1 and gh = hg2 hold. For example, we may prefer
to replace h by i, and g by (−1 + τ j + σk)/2. We can convert to the standard physics convention
of writing spinors as columns by the usual process of taking the quaternion conjugates of the
transposed matrices. This operation inverts f , g and h, and in particular negates f and h. Note
that g acts only on the first (‘left-handed’) quaternion coordinate of the spinor, but there is no
element of the group that acts only on the second (‘right-handed’) coordinate. This is likely to
be important for implementation of the weak interaction.

Finally, there is one more unfaithful representation 5. This is a ‘spin 2’ representation of the
finite group 2I, but it will be very important later on that it is not a spin 2 representation of
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the Lorentz group. Several explicit constructions of this representation are given in [20], but
none of them has a particularly nice quaternionic structure, so I will not rehearse them here.

It is worth also looking at Blichfeldt’s version [21] of the representation 4a, for comparison
with 4b:

f 7→ 1

3


3 0 0 0
0 −1 2 2
0 2 −1 2
0 2 2 −1

 ,

g 7→


1 0 0 0
0 1 0 0
0 0 ω 0
0 0 0 ω2

 , h 7→ 1

4


−1

√
15 0 0√

15 1 0 0
0 0 0 4
0 0 4 0

 (2.7)

This comparison will be useful when we come to consider the complexification of the
Dirac algebra, used in the standard model for unification of the weak force with quantum
electrodynamics (QED).

2.3. Quaternionic reflections

The representation 4b has a number of rather curious mathematical properties, some of
which may be useful for physics. The group 2I acts as a quaternionic reflection group, in which
the ‘reflections’ have order 3, unlike real reflections, which always have order 2. To see how
this works, first consider an ordinary real mirror, defined by a vector r perpendicular to its
surface. The reflection then takes r to −r, and fixes every vector in the plane of the mirror, so
that the formula for the image of an arbitrary vector x is

x− x.r

r.r
2r. (2.8)

For complex numbers and quaternions, we can generalise to arbitrary roots of unity ω, so that
r is mapped to ωr, and the reflection becomes

Rr : x 7→ x− x.r

r.r
(1− ω)r, (2.9)

where the dot product is linear in the first argument and conjugate-linear in the second.
In the case of complex numbers, the scalar 1− ω commutes with all other scalars, so that

the formula remains unchanged if we replace r by any scalar multiple λr. But this is not true
in the case of quaternions, where we must for consistency have

Rr = Rλr : x 7→ x− x.λr

λr.λr
(1− ω′)λr

= x− x.r

r.r
λ−1(1− ω′)λr (2.10)

so that ω′ = λωλ−1. In our situation, ω has order 3, and we are not too worried if ω becomes
ω−1, but we are worried if anything else happens. This allows us to apply a continuous group
of scalars U(1) defined by exponentiating ω, and a discrete group of scalars defined by complex
conjugation. Within the quaternions, then, we can take ω to be g or g2 = ḡ, and implement
complex conjugation with h.

With these preliminaries over, we can define the reflecting spinors r to be

(g − g2, 0), ((h + 1)ga, 1), (ga, (h− 1)g), (ga, (h− 1)g2), (2.11)

where we can assume a = 0, 1, 2. The only scalar multiples that we definitely require are
multiples by powers of g and h, which form a group of order 12. On the general principle
that internal properties must be discrete, we should not use any more scalars than this, and
certainly not a continuous group of scalars.
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Each of the ten reflecting spinors then comes as a set of 12 scalar multiples, defining ten
inverse pairs of reflections. One of these pairs of reflections consists of g and its inverse, which I
have already suggested may play an important role in the weak interaction. The other nine are
of three types under conjugation by powers of g, represented by gf := f−1gf , gfh and gfhgf .
In other words, there are ten particular Dirac spinors that have very special properties, and
may perhaps be associated with ten particular particles that also have very special properties.
Each such spinor comes in a finite set of 12 scalar multiples, in each case generated by the
non-commuting scalars g and h. In physical language, each of the ten ‘particles’ comes in 12
distinct ‘states’, making 120 distinct elementary fermion states in all.

2.4. Elementary fermions

This allows us to identify the four types of particles as neutrinos, electrons and up and down
quarks, in such a way that g acts as a generation symmetry to give us three generations of all
the elementary fermions. Then we see that g acts on neutrinos as scalar multiplication by g,
so that generations of neutrinos can also be thought of as different states of the same particle,
rather than genuinely different particles. This will be important when we come to consider
neutrino oscillations. Similarly h acts to invert g, so fixes one generation and swaps the other
two. Let us call this operator the heaviness operator, although we really have three different
heaviness operators h, hg and hg

2

.
If we assume that every elementary fermion has a set of four spin up/down and parti-

cle/antiparticle states, and a set of three generation states, and that the quarks also have a
red/green/blue colour state, then the total number of elementary particle states in the standard
model is

4× 3× (1 + 1 + 6) = 96. (2.12)

Sometimes the number of electron states is doubled by making a distinction between left-
handed and right-handed versions, which increases the number to 108. The proposed model
adds another set of 12 electron states, so may allow us to go beyond the standard model in our
description of electrons.

Now the scalar h enables us to distinguish spin up from spin down, so is related to helicity.
On the other hand, the scalar g is related to generations of neutrinos, chirality of electrons
and colour of quarks. Let me use the word gyration for all these physical manifestations of the
scalar g. Thus we have the following mnemonic to help us distinguish the various concepts,
provided we take care that not all the meanings are exactly standard:

Scalars: g ∼ gyration h ∼ helicity
Operators: g ∼ generation h ∼ heaviness

(2.13)

This gives us 36 names for electrons, plus 72 names for quarks, and 12 names for neutrinos.
These 120 particles can be written either as rows, as has been done here, or as columns, as is
normally done for Dirac spinors.

2.5. The group algebra

These 120 particles give rise to a set of 20 reflections, which can be written as 2× 2
quaternionic matrices that act on the Dirac spinors. These matrices would normally be
interpreted as Dirac matrices, and therefore as quantum fields acting on the particles. If we
add together the fields generated by all relevant particles we generate the algebra of all 2× 2
quaternion matrices, as a subalgebra of the Dirac algebra.
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The same process can be carried out for each irreducible representation, so that the faithful
representations give rise to an algebra

2H +M2(H) +M3(H) (2.14)

and the unfaithful representations give

R + 2M3(R) +M4(R) +M5(R). (2.15)

The real dimensions of these algebras are

4× (12 + 12 + 22 + 32) = 60,

12 + 32 + 32 + 42 + 52 = 60, (2.16)

making 120 altogether. It is not a coincidence that this is the order of the group, but is a
general theorem, that might justifiably be called the pons asinorum of representation theory
[23]. The full 120-dimensional algebra is known as the (real) group algebra.

The individual matrix algebras contain ‘gauge groups’ that define the possible changes of
coordinates (up to a scale factor) on the given irreducible representations:

SL(1,H)× SL(1,H)× SL(2,H)× SL(3,H),

SL(3,R)× SL(3,R)× SL(4,R)× SL(5,R). (2.17)

For the purposes of incorporating the compact gauge groups of the standard model of particle
physics we also need the compact subgroups of these gauge groups:

Sp(1)× Sp(1)× Sp(2)× Sp(3),

SO(3)× SO(3)× SO(4)× SO(5). (2.18)

There are canonical maps from Sp(1)× Sp(1) onto SO(3)× SO(3) and SO(4), as well as from
Sp(2) onto SO(5), that are compatible with the action of the finite group. Hence it is enough to
consider the compact gauge groups in their faithful forms as symplectic (quaternionic) groups.
But this is not true for the non-compact gauge groups, which causes us some problems of
physical interpretation, which will be discussed in detail later on.

In particular, we need a copy of the Lorentz group, in the form SL(2,C), acting on Dirac
spinors. This group can be found inside SL(2,H) acting on 4b. The gauge groups can then be
taken to include a ‘left-handed’ copy of Sp(1) ∼= SU(2), with U(1) contained in the ‘right-
handed’ copy of Sp(1), and SU(3) contained in Sp(3), both obtained by restricting from
quaternions to complex numbers. This gives us a complete set of gauge groups in the form

SU(2)L × U(1)Y × SL(2,C)× SU(3)c (2.19)

with which to implement the standard model, contained within a larger group

SU(2)L × SU(2)R × SL(2,H)× Sp(3) (2.20)

in which we can hope to go beyond the standard model in some way.

3. Measurement of gyration

3.1. Quaternionic scalars

It is impossible to separate the scalars gyration and helicity completely, so we must regard
the combination of the two as defining a discrete concept of ‘spin’. However, we must be very
careful about the interpretation here, as h is an eigenvalue of h acting on the whole spinor,
while g is an eigenvalue of g acting on half the spinor. It seems likely that helicity then relates
to ordinary quantum-mechanical spin, while gyration relates instead to ‘left-handed’ spin.
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Measurement of both gyration and helicity uses a continuous group SU(2) of quaternion
scalars with which we can change coordinates for the measurement. Since this is a continuous
group, it is necessarily non-local, and we must therefore identify the scale of non-locality, and
the nature of the symmetries. It is clear that the gyration of an electron can be treated as
constant on a laboratory scale, since this is required for the construction of magnetic fields.
On the other hand, the gyration (generation) of a neutrino is not constant on the scale of the
whole Earth, as is proved by the observation of neutrino oscillations. The appropriate copy
of SU(2), therefore, is the double cover of the copy of SO(3) that describes the approximate
rotational symmetry of the Earth, as we move from one laboratory to another on the Earth’s
surface. Let us therefore call this copy of SU(2) the ‘geo-spin’ group, and observe that as well
as being only approximate, the symmetry is broken by the rotation of the Earth. Thus geo-spin
has more in common with weak isospin than it does with spin itself.

The standard model here uses only complex scalars, defining a gauge group U(1) that
commutes with the matrix group SL(2,C), interpreted as the Lorentz group. By using
quaternionic scalars we conjugate SL(2,C) to a 2-parameter family of copies, and therefore
we can work with a 2-parameter family of definitions of Lorentz group. In the standard model,
the Lorentz group is effectively defined by assuming that the rest frame of the laboratory is an
inertial frame. But it is more accurate to say that the rest frames of all the laboratories around
the world define a 2-parameter family of copies of the Lorentz group, as I suggest. The model
can therefore make predictions about what happens when an elementary particle travels from
one laboratory to another, that cannot be predicted in the standard model. In practice, this
can only happen on a large scale if the particles are neutrinos. But the model can also make
predictions about the change in measurement of the gyration of a muon [24] as it revolves
around a 15 metre ring, and about the change in measurement of the combined gyration of the
two quarks in a neutral kaon [25] as it travels 57 feet across the laboratory.

3.2. Neutrino oscillations

The model implies that as we change our definition of inertial frame, we change our choice
of coordinates for the quaternions, and therefore we change our definition of the neutrino
generations. Hence the model predicts that any given neutrino can be measured in different
generations in different locations, while not undergoing any internal changes whatsoever. In
particular, the model predicts neutrino oscillations even if neutrinos have zero mass. Since
there is no real evidence for non-zero neutrino mass other than neutrino oscillations themselves,
this is potentially a significant improvement to the standard model. I do not claim that this
effect is necessarily the only mechanism for neutrino oscillations, especially when neutrinos
are travelling through matter. In particular, the model does not necessarily contradict the
standard model, or the experiments that support it, but merely goes beyond the standard
model to incorporate some non-inertial transformations between frames of reference.

At this stage, the model does not tell us how to match the neutrino generation coordinates
to the gravitational North/East/up coordinates, so cannot make quantitative predictions. This
matching may still need to be determined by experiment. This problem would appear to be
related to the question, as expressed in the standard model, of how the mass eigenstates
(presumably determined by the gravitational coordinates) relate to the flavour eigenstates
(determined by internal weak force coordinates). Let me just remark that in the case of solar
neutrinos [26, 27, 28] we have no information at all about the North/East/up coordinate axes
at the point where the neutrino was produced, and therefore we have no information at all about
the relationship between these axes and those defined at the point of detection of the neutrino.
It follows that experiments should detect equal numbers of the three generations. Experiment
[28] has conclusively demonstrated that the number of electron neutrinos is indistinguishable
from one-third of the total, although counting the muon neutrinos is more difficult.
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3.3. Gyration of the muon

Experiments to measure the gyromagnetic ratio of the muon are big enough and accurate
enough that a correction for the change in coordinate frame over the size of the experiment
is actually required. No such correction is made in the standard model analysis of these
experiments. It has indeed been claimed that the measured value of muon g − 2 is not consistent
with the standard model calculations [29, 30], though not all experts agree [31].

The quaternionic model predicts that a general relativistic correction is required for the fact
that the direction of the gravitational field changes from one side of the experiment to the
other. Since the experiment was 15 metres in diameter, if we take the global average of the
Earth’s radius as 6371 km then the relevant angle is

15/6371000 ≈ .0000024 radians. (3.1)

We should therefore expect to have to make a correction of about 2.4ppm to the value of g − 2
calculated in the standard model, in order to be consistent with this experiment. That is indeed
the magnitude of the correction that is claimed to be required. In other words, the quaternion
model implies that this anomaly is not evidence of any new physics at all, but simply evidence
that a correction to the standard model is required by general relativity.

3.4. Entanglement

Exactly the same considerations imply that measurements of the spin of an electron depend
on the coordinates of the vector that defines the direction in which spin is measured, written in
terms of the North/East/up coordinate frame that defines the relevant non-inertial properties
of the experiment. In particular, if two electrons have entangled spins in a discrete sense, then
this entanglement can be observed by measuring the spins in the ‘same’ direction, relative to
the ‘standard’ coordinate frame defined by the gravitational field and the acceleration of the
experiment.

Entanglement implies that the two quaternionic scalars are related in a specific way, and
therefore that both the helicity and the gyration are correlated. If the theory only takes account
of helicity, then it does not use all of the information that is available to the elementary particles.
This results in the illusion of transfer of information between the entangled particles, where
the quaternionic model allows both particles to keep this information in the gyration quantum
number. Hence there is no contradiction between the model and experiments to test Bell’s
theorem or other aspects of entanglement. The quaternion model implies that the standard
predictions of quantum mechanics are correct, so long as the probability that the gyration flips
is small enough that it is not detected. If the above analysis of the muon g − 2 experiment is
valid, this is equivalent to saying that the gravitational field is sufficiently uniform that general
relativistic corrections are not required.

Most experiments on entanglement are done instead with polarised photons, which changes
the details of the calculations, but does not change any of the principles. We simply have to
work with the group SO(3) of conjugations by unit quaternions, instead of the group SU(2) of
scalar multiplications. The internal states of the photon are therefore 6 in number, compared
to just 2 in standard quantum mechanics. In particular, the gyration states would appear
to couple to the gravitational field in exactly the same way that I have argued the gyration
states of the neutrino do. Since the gyration does not commute with the helicity, the model in
principle allows the (quantum) gravitational field to flip the helicity.

Just as in the case of fermions, entangled photons have correlated gyration states, that
provide just enough of a ‘hidden variable’ to avoid the need for faster-than-light transfer of
information. Since these experiments now reach into the kilometre scale, we might expect the
gyration to cause something in the region of 1 in 104 spin bits to flip over this distance. It is
unclear whether experiments on entangled particles can in practice reach this level of sensitivity.
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3.5. CP-violation

Clearly it is not possible to separate quarks sufficiently to measure the gyration (or colour)
of individual quarks. But it may be possible to measure the gyration of a meson, and hence
detect a triplet of states of a meson with fixed mass and charge. The most likely candidate is
therefore the neutral kaon. In the standard model, there are four states for the neutral kaon,
described by taking two primary states, and two quantum superpositions, within a complex
2-space. At the experimental level, however, the two primary kaon states of the standard model
cannot be distinguished, for which the standard explanation is that the kaon oscillates very
rapidly between the two states. Hence it may be more accurate to say that there are three
experimentally distinguishable kaon states, as the quaternion model implies, rather than the
two or four that the standard model appears theoretically to require.

It should also be noted here that there are indications of significant discrepancies between the
standard model and experiment [32, 33] in neutral kaon decay, so that a different model may
have some advantages. At the theoretical level, the scalar gauge group SU(2) in the quaternion
model acts on fermions, not on bosons, so that the number of boson states in any given case
should always be odd, not even. For exactly the same reasons that neutrino generations and
muon g − 2 appear to depend on the change in direction of the gravitational field, so does the
state of a neutral kaon. The three distinct gyration states of the neutral kaon are described by
the spin 1 representation of the quaternionic scalar group, that describes how the state changes
as the experiment moves over the surface of the Earth. Just as before, the magnitude of the
kaon oscillation detected by the experiment [25], which took place over a horizontal distance
of 57 feet, or about 17.4 metres, is given by the sine of the relevant angle, that is

17.4/6371000 ≈ .0000027 radians. (3.2)

Applying this calculation to the experimental data gives a prediction that is within 1σ of the
experimental measurement.

In other words, the quaternion model provides a rather different interpretation of the CP-
violation implied by this experimental result, compared to the standard interpretation as an
intrinsic property of the weak interaction. In the quaternionic interpretation, measuring the
same thing in two different coordinate frames is equivalent to measuring two different things.
If so, then CP-violation can be re-interpreted as a correction for general relativity. This gives
us another potential connection between gravity and quantum mechanics, reminiscent of the
virtual kaons that Hossenfelder proposes [34] for quantum gravity.

3.6. Symmetry-breaking

The extension of scalars from complex numbers to quaternions inside the full gauge group
SL(2,H) has the effect of breaking the symmetry of SL(2,C) down to SL(2,R). In the
conventional interpretation, this implies breaking the symmetry of the Lorentz group SO(3, 1)
to SO(2, 1), and thereby picking out a special direction in space. It would be reasonable to
suppose from the above discussion that this direction can be interpreted as the direction of the
gravitational field.

If so, this implies that the standard model accurately describes relativistic quantum
mechanics in a horizontal plane, but does not necessarily have the same accuracy in the vertical
direction. Or, to be more precise, the quaternion model implies that certain measurements made
within the standard model may be different if performed in a different orientation with respect
to the gravitational field. We have already seen that such effects, if they exist, are subtle,
having to do with rather esoteric matters such as neutrino generations, directions of spin, and
colours of quarks. They have no detectable effect on measurements of mass or charge, but may
create triplet states of composite particles as well as elementary particles.
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If this is a correct interpretation of the direction that defines the symmetry-breaking of the
Lorentz group, then the quaternion model predicts that both the muon g − 2 measurements
and the kaon decay measurements will be different for different orientations of the experiment
with respect to the gravitational field. These predictions can be tested. Existing experiments
do not seem to have a fixed orientation with respect to any other direction in space, so that a
different interpretation of this fixed direction seems unlikely to be consistent with experiment.

4. Theory of the Dirac algebra

4.1. Dirac matrices and the Dirac equation

In this model, the ‘Dirac algebra’ is the algebra of 2× 2 quaternion matrices, acting on the
Dirac spinors in 4b, written either as rows or as columns according to convention and context.
This is a 16-dimensional real algebra, and can be given the structure of a Clifford algebra
Cl(1, 3) by suitable choice of Dirac matrices. It has only half the real dimensions of the Dirac
algebra in the standard model, and does not contain γ5. For this reason it can only describe
quantum electrodynamics (QED), and not the standard unification with the weak interaction.

We can choose a basis for the spinors so that the Dirac matrices are

γ0 7→
(

0 j
−j 0

)
, γ1 7→

(
j 0
0 −j

)
, γ2 7→

(
k 0
0 k

)
, γ3 7→

(
0 j
j 0

)
. (4.1)

We then have

−γ0γ1γ2γ3 7→
(

i 0
0 i

)
, (4.2)

which can be used in place of the scalar i to multiply the mass term in the Dirac equation.
This change promotes the mass from a scalar to an operator, but does not actually change the
equation mathematically at all, since it just re-interprets the scalar mass as an eigenvalue of a
mass operator. Moreover, it is possible to choose a labelling of the quaternions such that this
mass operator is equal to the heaviness operator h defined earlier.

In Section 2.4 I suggested three distinct mass operators for the three generations, as the
three variants h, hg and hg

2

. But only one of these can be chosen to be a scalar matrix, so let
us restrict to the ‘first generation’ version h.

4.2. The Lorentz group

In the standard model, the Lorentz group is defined by the products in pairs of the γµ, which
in our notation are the matrices(

0 i
i 0

)
,

(
0 1
−1 0

)
,

(
i 0
0 −i

)
;

(
0 1
1 0

)
,

(
0 i
−i 0

)
,

(
1 0
0 −1

)
. (4.3)

In other words, the three boosts are exactly the Pauli matrices for the particular choice of
scalar matrix, that is for the particular choice of heaviness operator h. This ensures that the
rest mass as defined by this operator is Lorentz-invariant.

At the same time, we are free to change our coordinates for the quaternions by any element
of SO(3) acting on the imaginary part. We have already used this copy of SO(3) to describe
the way the Lorentz group changes as the experiment moves over the surface of the Earth. This
implies that the choice of complex scalar i is essentially arbitrary for most practical purposes,
as long as the experiment is small enough that we do not need to take account of the fact that
i varies across the scale of the experiment. But, as I have shown, the scale on which one needs
to take account of the variation in the scalar over modern experiments is now quite small, of
the order of a few metres.
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This has the rather curious consequence that observers at opposite ends of the laboratory
can, in theory, measure very slightly different rest masses for the same object, simply because
of the general relativistic change in the very definition of mass in the observers’ two frames
of reference. Of course, this does not happen in practice, because a single copy of the Lorentz
group is chosen arbitrarily with which to describe the experiment.

But it does happen in theory, which leads to a number of theoretical very small differences
in mass, that cannot be measured in practice. This includes theoretical non-zero masses for
neutrinos, that cannot in practice be distinguished from zero, and theoretical differences in
the masses of different eigenstates of the neutral kaon, which also cannot be distinguished in
practice. In the case of the muon, however, this difference in mass has arguably been detected,
as a difference in gyromagnetic ratio. In all cases the anomaly is caused by treating a variable
copy of the complex numbers inside the quaternions as a constant.

4.3. The definition of mass

This leads to difficulties in the definition of mass, since local and non-local measurements
of mass are not guaranteed to give the same answer. For most purposes we can define the
non-local mass to be equal to the local mass, and very little goes wrong with our description
of the universe if we adopt this ‘equivalence principle’. However, it is not perfect, and in
addition to the three or four particle physics anomalies already mentioned, there are a number
of well-known gravitational anomalies that may be attributable to this cause.

Most of these gravitational anomalies occur on very large (galactic and larger) scales, and it
is usual to assume that general relativistic effects are too small to be relevant, and therefore
they are analysed using only Newtonian gravity. However, this assumption has been challenged,
and there are analyses that claim to show large general relativistic effects [35]. This is certainly
consistent with my claim that general relativistic effects due to rotation can be detected in
particle physics experiments on the Earth.

It is tempting to interpret local and non-local mass as inertial and gravitational mass
respectively, but the situation is actually more complicated than this. Local mass can be
measured both inertially and gravitationally, and the historical development of physics has
ensured that local measurements of inertial and gravitational mass track each other very
closely. It follows that local tests of the equivalence of inertial and gravitational mass are
almost guaranteed to fail to detect any difference at all.

4.4. Measurement at a distance

Hence only non-local tests have a realistic chance of detecting any potential failure of the
equivalence principle. But this is almost impossible to arrange in practice, because how do
you measure things at a distance? The key, I believe, is to realise that while non-locality in
space is difficult to arrange, non-locality in time is rather easier. The complicated motion of
the Earth ensures that the 2-parameter family of copies of the Lorentz group that describes
the experiments that are done today is not the same family that was applicable yesterday, or
half a century ago. Therefore it must be possible to detect this change by making suitable
measurements.

This is not particularly easy, because the standard model uses a ‘standard’ copy of the
Lorentz group, rather than a varying copy. Hence any discrepancy between the standard copy
and the actual copy local to the experiment has its impact only in esoteric and hard to measure
parts of the model. In particular, any hypothetical detection of a change in the characteristics of
the laboratory frame of reference is not a test of the standard model, which has enough variable
unexplained parameters to cover every eventuality. But it may be a test of the quaternion
model, which can make predictions without these adjustable parameters.
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What we must test is the equivalence or otherwise of a local mass that is defined by the
standard model, with respect to a standard copy of the Lorentz group, and a non-local mass
that is defined by general relativity, with respect to a copy of the Lorentz group defined by the
laboratory frame of reference at the time of the experiment. In other words, we are looking for
a gradual drift of non-local masses away from the local masses that were effectively fixed by
the standard model in the late 1960s or early 1970s. The simplest parameter of this drift that
it is plausible to measure in the laboratory is the change in the angle of tilt of the Earth’s axis.

4.5. A test case

The standard copy of SL(2,C) in SL(2,H) is defined by 8 real parameters, while the
standard copy of SO(3, 1) in SL(4,R) defines 9 parameters. The latter can be interpreted
as a 9-parameter family of different definitions of mass, and can be measured by measuring a
suitable set of 9 different ‘types’ of mass. In general relativity, these 9 parameters are held in
the stress-energy tensor. In particle physics, they can only be held in the masses of 9 different
particles. These particles could be elementary particles, but they don’t have to be. But we have
only one parameter to measure, so we must expect to be able to use one very fundamental
mass ratio to detect a drift between local and non-local masses.

Now it is easy to show that the electron/proton mass ratio happens, whether by coincidence
or not, to be approximately equal to the sine of the angle of tilt of the Earth’s axis divided by
twice the number of days in a year. But this non-local parameter has changed by some 300ppm
over the past half-century, while the local mass ratio has essentially not changed at all since
the 1973 CODATA review of fundamental constants [36]. It is also easy to check [37, 20] that
the local value (assumed constant) was equal to the non-local value in 1957, 1965 and 1973,
and at no other time since the end of the last ice-age. This is either an almighty coincidence,
or a huge cosmic joke, or a non-local failure of the equivalence principle.

4.6. An alternative basis

I have shown how the standard choice of SL(2,C) fixing the scalar i in SL(2,H) depends
on a choice of direction with respect to a larger scale definition of inertial frame. It is therefore
possible to define a different copy of SL(2,C), which uses the quaternions i, j and k to define
directions on this larger scale, rather than the Pauli matrices. One way to do this is to define

γ0 =

(
0 1
1 0

)
, γ1 =

(
i 0
0 −i

)
, γ2 =

(
j 0
0 −j

)
, γ3 =

(
k 0
0 −k

)
, (4.4)

so that the pseudoscalar is

γ0γ1γ2γ3 =

(
0 1
−1 0

)
, (4.5)

and the generators for SL(2,C) are(
i 0
0 i

)
,

(
j 0
0 j

)
,

(
k 0
0 k

)
;

(
0 i
−i 0

)
,

(
0 j
−j 0

)
,

(
0 k
−k 0

)
. (4.6)

Mathematically, there is no difference between this choice of Dirac matrices and the choice
presented earlier. Either of them is equally good as a set of generators for a Dirac algebra. But
if we use both, then we have to remember that they have different physical interpretations,
and it is then the relationship between the two that becomes important for physics.
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5. The weak interaction

5.1. A chiral basis

In order to implement the weak interaction, we need a version of γ5 = iγ0γ1γ2γ3. But we
cannot have both γ0 and γ5 acting at the same time in the same copy of SL(2,H) on 4b. We
have to choose one or the other. Moreover, we cannot keep the same matrices for γ1, γ2 and
γ3, since it is easy to check that if we do, then there is no quaternionic matrix satisfying the
required equations for γ5. In other words, we are forced to break the symmetry of space in
order to implement the weak interaction in this model.

We have a choice of implementing Cl(4, 0) or Cl(0, 4) on 4b, by defining Dirac matrices in
one of the forms

iγ0 7→
(

0 1
−1 0

)
, γ1 7→

(
0 i
i 0

)
, γ2 7→

(
0 j
j 0

)
, γ3 7→

(
0 k
k 0

)
, (5.1)

if we want Cl(0, 4), or alternatively, if we want Cl(4, 0), we can take

γ0 7→
(

0 1
1 0

)
, iγ1 7→

(
0 i
−i 0

)
, iγ2 7→

(
0 j
−j 0

)
, iγ3 7→

(
0 k
−k 0

)
. (5.2)

In the two cases, we calculate

γ5 = ±
(
−1 0
0 1

)
. (5.3)

Since it makes little difference, and the sign of γ5 is just a convention, let us choose the first,
remembering also that the choice of coordinates for the quaternions is not yet fixed, so that the
actual directions in space are for the moment arbitrary. Then the generators for the compact
version SO(4) of the ‘Lorentz group’ are(

i 0
0 i

)
,

(
j 0
0 j

)
,

(
k 0
0 k

)
;

(
i 0
0 −i

)
,

(
j 0
0 −j

)
,

(
k 0
0 −k

)
. (5.4)

Of course, this is not the Lorentz group, but something completely different related to the weak
isospin group SU(2)L and the weak hypercharge group U(1)Y . It is instructive to compare also
with (4.6).

5.2. Weak isospin and weak hypercharge

Now I have already provisionally allocated SU(2)L to 2a and U(1)Y to 2b, so that it makes
sense to transfer this part of the Dirac algebra to act on 2a+ 2b. To this end we must split
SO(4) into its two SU(2) factors, using 1± γ5 to project onto the two components. The only
problem with this procedure is that it is not compatible with the action of the finite symmetry
group. For example, g and h act on 2a in the same way that they act on the first coordinate
of 4b, but then they act on 2b in the same way, and not in the way they act on the second
coordinate of 4b. Thus it is not possible to treat 2a+ 2b as an equivalent of 4b for the action
of the Lorentz group.

In other words, the finite group model implies that the symmetry-breaking of the weak
force is a general relativistic correction to the ‘primordial’ unbroken symmetry. Moreover, I
have already used the three ‘scalar’ matrices to describe the approximate ‘geo-spin’ symmetry
group, that allows us to transform coordinates between different laboratories on the surface of
the Earth. In a similar way, we need a ‘helio-spin’ approximate symmetry group, to ensure that
our model is independent of the time of year as well as the time of day. To a first approximation,
we only need U(1) for heliospin, since we do not move far from the ecliptic plane.
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5.3. The electroweak mixing angle

Before considering symmetry-breaking, then, we can assume that there is a geospin group
SU(2) that describes the change in Lorentz gauge as we move over the surface of the Earth,
together with a heliospin group U(1) that describes the change in Lorentz group as we move
around the Sun. But there is a mixing of heliospin with geospin caused by the tilt of the Earth’s
axis, and a mixing with luna-spin as well. The mixing with geospin occurs at an angle of about
23.44◦, while the mixing with luna-spin occurs at an average angle of 5.14◦. To take account
of both at once it is necessary to work either in SO(4) or in Spin(4) = SU(2)L × SU(2)R, so
that electroweak mixing using only U(1)Y × SU(2)L can only implement an approximation.

How this approximation works exactly, I do not know, but if each angle is implemented as
the argument of a complex number, and the two complex numbers are multiplied together,
then the effect is to add the angles together. The quaternion model can be more subtle here,
and multiply two quaternions together instead. If this conjecture is correct, then the effective
mixing angle in the standard model should be θW ≈ (28.58± .16)◦, where the error bar is
dominated by the 347-day oscillation of the inclination of the Moon’s orbit. This gives a range
of values for sin2 θW from .2265 to .2312, compared to the CODATA 2018 value [38] of .2229(3)
and some experimental values [39] that include .23142. It is, of course, entirely possible that
the close agreement of these values may just be coincidence.

5.4. A real Dirac algebra

I have shown how the algebra M2(H) can be given Clifford algebra structures Cl(1, 3),
Cl(4, 0) and Cl(0, 4), and used the interplay between the signatures (1, 3) and (0, 4) to attempt
to throw light on the properties of electroweak mixing. The other two signatures give Clifford
algebras of the form M4(R), so can only be implemented on the spacetime representation 4a.

For example, the Lorentzian signature can be implemented by replacing j and k in Cl(1, 3)
by the two real Pauli matrices, σ3 and σ1, so that the squares all change sign, thus:

iγ0 7→


0 0 1 0
0 0 0 −1
−1 0 0 0
0 1 0 0

 , iγ1 7→


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

 ,

iγ2 7→


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 , iγ3 7→


0 0 1 0
0 0 0 −1
1 0 0 0
0 −1 0 0

 , (5.5)

from which we calculate

γ0γ1γ2γ3 7→


0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

 . (5.6)

But it is very important to realise that the products of pairs of the γµ generate a copy of
SL(2,C) that acts on 4a as a 2-dimensional complex representation, and not as the Lorentz
group SO(3, 1). Indeed, SL(2,C) is disjoint from SO(3, 1), so consists entirely of non-inertial
transformations of spacetime coordinates. It is possible, indeed, to construct SL(2,C) acting on
4a from the tensor product of SU(2)L acting on 2a and U(1)Y acting on 2b, so that this copy of
SL(2,C) can be interpreted as a complex version of the gauge group of the weak interaction. In
other words, the weak interaction as implemented in the standard model effectively quantises
6 of the 9 degrees of freedom of general relativity over special relativity. To get the remaining
3 we have to involve the strong force as well.
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For completeness note that the same process of converting to real Pauli matrices, applied to
the chiral basis, implements a copy of Cl(2, 2) with generators (say):

γ0 7→


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 , iγ1 7→


0 0 0 1
0 0 −1 0
0 −1 0 0
1 0 0 0



γ2 7→


0 0 1 0
0 0 0 −1
−1 0 0 0
0 1 0 0

 , γ3 7→


0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0

 . (5.7)

6. The strong force

6.1. Factorisation of general covariance

Notice the distinction that was made in Section 5.4 between SO(3) inside SO(3, 1), that
describes a mathematical rotation of space that does not involve time, and SU(2) inside
SL(2,C), that describes a physical rotation of space that takes place in real time. To obtain
the standard model Dirac algebra from the quaternion model, we have to blur this distinction
and mix these two groups together using γ5. To go beyond the standard model, therefore, it is
essential to keep this very real physical distinction in mind.

I have shown how SL(2,C) relates to the electro-weak gauge group, and hence explains how
the mixing parameters depend on the geometry of the actual physical motion of the experiment,
attached to the surface of the Earth. The goal now is to do something similar for the strong
force. First we note that the group SL(4,R) factorises as a trivial-intersection product of two
subgroups SL(2,C) and GL(3,R). This is because if an element x of SL(2,C) has a real
eigenvalue then x = ±1. These two groups do not commute with each other, however, so that
if we want to use both at once, then there is a lot of ‘mixing’ between them.

Now we can convert GL(3,R) to the compact form U(3) by tensoring with U(1)Y acting
on 2b. This tensor product has the form 2b⊗ 4a = 2a+ 6. In this way we obtain an action of
SL(3,C) on 6 mixed with an action of SU(2)L on 2a. Restricting to the compact subgroup
U(3) gives us the gauge groups of the standard model, together with a source of the mixing that
can be traced back to general relativistic corrections to the frame of reference for spacetime.

We can also factorise the representation 6 as 2b⊗ 3a, so that we can think of 6 as a complex
version of 3a, with complex structure provided by U(1)Y . This blurs another distinction,
between 1 + 3a and 4a, which allows the standard model to blur the distinction between
momentum and angular momentum. This is another case where taking extra care will pay
dividends. There is also a factorisation as 2a⊗ 3b with an action of SU(2)L and SO(3)R, that
may be of interest.

6.2. Flavours of quarks

I have used the finite symmetries g and h to distinguish neutrinos, electrons and quarks
from each other. On leptons, g acts as a generation symmetry. But it is well-known that the
generations of quarks do not match the generations of leptons, so that a matrix of mixing angles
known as the Cabibbo–Kobayashi–Maskawa (CKM) matrix [41, 42] is required to describe the
relationship. This matrix cannot be described in a finite symmetry group, which implies that
g cannot be the standard generation symmetry of quarks. It seems likely, therefore, that a
better interpretation of g for quarks is as the Gell-Mann symmetry [43] between up, down and
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strange quarks. Then the heaviness operator h can be used to map these three light quarks to
the three heavy quarks.

Then the element f is a ‘flavour’ operator that maps the neutrinos to a particular flavour of
quark. The elements fg and fg

2

are then the other two flavour operators. There is an important
mathematical distinction between these three flavours, since fh has order 3 whereas fgh and
fg

2

h have order 5. Since this is a discrete distinction rather than a continuous one, it seems
likely to be a charge distinction rather than a mass distinction, and therefore is a distinction
between the up quark defined by f , and the down and strange quarks defined by the other two
flavour operators. There are other possibilities, but this one seems the most promising so far.

This labelling associates the binary tetrahedral group 2T with a discrete symmetry group
on the four particles: neutrino, up, down and strange quarks. In terms of the symmetries of
the regular tetrahedron, in which we lose the distinction between particles and antiparticles,
we can allocate the four particles to the four vertices. The quark plane contains coordinates for
charge and strangeness, at an angle of 120◦ to each other, as is familiar from the eightfold way.
Taking the neutrino vertex as the origin, we then have a 2-parameter choice of direction for the
mass coordinate, which ensures that there is a uniquely specified direction for any particular
set of measured values of the up, down and strange quark masses.

6.3. Baryons

But these masses are so uncertain that the chances of identifying this direction from the
data are essentially zero. Instead we can look at combining the quarks to make mesons and
baryons. For this purpose, we can assume that the three quarks form a basis for 3b, so that
the mesons and baryons lie in

3b⊗ 3b = 3b+ (1 + 5),

3b⊗ 3b⊗ 3b = 1 + (3b+ 5) + (3b+ 5) + (3a+ 3b+ 4a), (6.1)

where the parentheses delimit the components of the corresponding irreducible representations
of SL(3,R), or of SU(3) in the complex form used in the standard model. Symmetry-breaking
to the tetrahedral group splits 5 as 2 + 3 and 4a as 1 + 3, so that we see mesons as 1 + 2 + 3 + 3,
the baryon octet as 2 + 3 + 3 and the baryon decuplet as 1 + 3 + 3 + 3.

At least as far as the baryons are concerned, this is familiar territory. The triplet symmetry
that cycles the up, down and strange quarks cycles the baryon triplets p,Σ−,Ξ0 and n,Ξ−,Σ+,
which are known by the Coleman–Glashow relation [40] to have the same total mass. The
doublet symmetry that reverses the cyclic order uds defines the two spin 1/2 baryons with
quark content uds, that is the Λ and Σ0. Now the average mass over each triplet is 1150.17
MeV/c2, while the average over the doublet is 1154.16. The higher value in the latter case may
reflect the fact the lifetime of the Σ0 baryon is shorter, by more than 9 orders of magnitude,
than all the other 7 members of the octet, whose lifetimes differ by less than a factor of 4.

The decuplet of spin 3/2 baryons is similar, with a singlet Σ∗0 and three triplets
(∆+,Σ∗−,Ξ∗0), (∆0,Ξ∗−,Σ∗+) and (∆++,∆−,Ω−). In this case, the first two triplets have
equal mass, to well within the limits of experimental uncertainty, and this is also indistinguish-
able from three times the singlet mass. The last triplet appears to have a slightly smaller mass,
as these masses in MeV/c2 demonstrate:

3× (1383.7± 1.0) = 4151.1± 3

(1232± 2) + (1387.2± .5) + (1531.8± .32) = 4150.0± 2.1

(1232± 2) + (1382.8± .35) + (1535.0± .6) = 4149.8± 2.1

(1232± 2) + (1232± 2) + (1672.45± .29) = 4136.45± 2.8 (6.2)
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The difference between these last two lines is 13.35± 3.5, thus 4σ away from zero. However,
it should be noted that the model under discussion only requires three of these four triples
of baryons to have equal mass, not all four. It may be a surprise that it is the first three,
and not the last three, but there is no contradiction here. Equality of the middle two is the
analogue of the Coleman–Glashow relation, while equality of these with the first is a possibly
new observation.

The fact that the mass is smaller in the last case may be connected to the fact that the
lifetime of the Ω− baryon is 12 orders of magnitude greater than any of the other 9 baryons
under discussion here, whose lifetimes differ by roughly one order of magnitude.

The distinction between the spin 1/2 octet and the spin 3/2 decuplet can also be made using
the spinor representations. As representations of the finite group, as opposed to the Lorentz
group, 2b has spin 1/2, and 4b has spin 3/2. We can then obtain the same representations as
above via

2b⊗H 4b = 3b+ 5,

S(4b⊗H 4b) = 3a+ 3b+ 4a. (6.3)

6.4. Weak-strong mixing angles

Complexification with U(1)Y links the standard model gauge groups with the subgroups
SL(2,C) and GL(3,R) of the gravitational gauge group SL(4,R) as described above. Hence
it also links the weak-strong mixing parameters in the CKM matrix to geometrical properties
of the gravitational field. As before, the scale of non-locality of these parameters must be, for
all practical purposes, the Solar System scale, although this does not rule out the possibility
of small addition contributions from the rest of the galaxy, or indeed the rest of the universe.

In theory, GL(3,R) describes general relativistic changes to spacetime coordinates in a
static gravitational field with arbitrary geometry, and SL(2,C) describes the motion of the
experiment through the gravitational field. However, the real world is much more complicated
than that, and some mixing arises from the fact that the gravitational field is itself varying, both
kinematically and dynamically. The most obvious parameter that we need is one that separates
the electro-weak mixing angle into the two components that I proposed in Section 5.3. This
should not distinguish between generations, so must be essentially the CP-violating phase
in the CKM matrix. The value of this parameter is typically quoted as 68.8± 4.5◦, though
multiplication by i has the effect of replacing this by 21.2± 4.5◦. This is consistent with one
of the proposed components, that is 23.44◦.

Another obvious parameter is the time-variation of the gravitational field of the Moon, on
a period from one perigee to the next of about 27.55 days. This time-period corresponds to
an angle of 360/27.55 ≈ 13.07◦, which is strikingly close to the Cabibbo angle of 13.04± .05◦.
This may, of course, be a coincidence, but this seems unlikely. Rather it is further evidence
that many parameters of the standard model can be explained by non-local effects of general
relativity.

Indeed, it is a basic premise of this paper that all parameters that lie in continuous groups
must be non-local. The only questions are, what is the source of the non-locality in each
individual case, and on what scale does it apply. On the evidence so far, the source of the
non-locality is generally gravitational, and for most purposes the scale is the Solar System.

6.5. Neutrino mixing

The parameters of neutrino mixing, or neutrino oscillation, are described in the standard
model by the Pontecorvo–Maki–Nakagawa–Sakata (PMNS) matrix [44, 45], analogous to the
CKM matrix. Again, this matrix must be non-locally determined, but it is not so obvious in
this case what the scale of the non-locality actually is. The evidence presented so far suggests
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that the scale may be smaller, that is, terrestrial rather than solar system scale. But it may
also be solar system scale, or even larger (galactic) scale.

Predictions for the values of entries in the matrix depend crucially on which scale we use. If
we use the terrestrial scale, then the angles that are measured by experiment depend on the
geometry of the experiment relative to the gravitational field of the Earth, and its rotation.
This would seem a priori to be highly unlikely, but since the actual experiments are very
expensive and very difficult, they are conducted in a very small number of locations on Earth.
I do not know whether the experiments have in practice been carried out in a sufficient number
of different terrestrial geometries to rule out this possibility. If the scale is larger, this removes
the problem of predicting different results in different places on Earth, but leaves us with the
different problem of not being able to predict anything at all.

7. Interactions

7.1. Finite versions of the Dirac algebra

The group algebra contains both Cl(1, 3), consisting of all 2× 2 quaternion matrices acting
on 4b, and Cl(3, 1), consisting of all real 4× 4 matrices acting on 4a. The Dirac algebra as
usually defined is the complex tensor product of two Dirac spinors, that is 4b⊗C 4b. In the
quaternion model this is replaced by the quaternionic tensor product

4b⊗H 4b = 1 + 3a+ 3b+ 4a+ 5. (7.1)

In principle, this tensor product contains all the information that it is possible to obtain about
the local interaction of two elementary particles.

There is a standard way to write this tensor product as 2× 2 quaternion matrices, acted
on by 2I by conjugation. This conjugation action preserves the space 1 + 5 of Hermitian
matrices and the space 3a+ 3b+ 4a of anti-Hermitian matrices. If we take the Dirac matrices
as generators for Cl(1, 3), then the Hermitian terms are

1, γ0, γ1γ2γ3, γ0γ1, γ0γ2, γ0γ3, (7.2)

while if we switch to the compact form Cl(0, 4) they become

1, γ5, γ1γ2γ3, γ5γ1, γ5γ2, γ5γ3. (7.3)

The splitting into 1 + 5 is just the standard splitting into scalar matrices and trace 0
matrices, but the splitting of the anti-Hermitian matrices is more interesting. For example,
the matrix (

0 0
0 h

)
(7.4)

is fixed by the action of g and h, so has just 10 images under 2I. Hence it lies in a quotient
of the permutation representation on 10 points, which is equivalent to 1 + 4a+ 5. Since it is
anti-Hermitian, it lies in 4a. Therefore a basis for 4a can be easily computed, for example the
following (

0 0
0 h

)
,

(
g − ḡ 0

0 hg

)
,

(
h h + 1

h− 1 0

)
, (g − ḡ)

(
−h h + 1

h + 1 0

)
. (7.5)

The remaining part of the algebra is 3a+ 3b, and contains the matrix(
0 0
0 g − ḡ

)
. (7.6)

There seems to be no easy way to describe the splitting into two 3-spaces, however.
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If we use the chiral basis for the Dirac algebra given in Section 5.1, then γ5 is the matrix of a
real reflection in the first coordinate. The way that γ5 is used in the Feynman calculus suggests
that it is trying to implement the quaternionic reflection by modifying the real reflection. For
example, the charge behaves like an inner product x.r, with r.r = 3 implementing charges in
units of 1/3. Similarly, replacing the scalar 2 by 1− ω involves a rotation through 30◦ within the
quaternions. However, there is more to the Feynman calculus than this, and no clear translation
between it and the language of quaternionic reflections.

7.2. The square of spacetime

Similarly, we have

4a⊗R 4a = 1 + 3a+ 3b+ 4a+ 5, (7.7)

which, in principle, contains all the information that is needed to describe gravity and
electromagnetism in general relativity. Since the two versions of the Dirac algebra are equivalent
as representations of the finite symmetry group, it follows that the same information is
contained in both copies. In one direction, as we have seen, we can use information about gravity
obtained from general relativity to obtain corresponding information about local interactions
of elementary particles.

In the other direction, we can use information from the standard model of particle physics
to obtain the corresponding information about gravity. In other words, we do not have to add
anything to the standard model to get a quantum theory of gravity. General relativity and the
standard model are only incompatible because they are different ways of looking at the same
thing. Hence any general relativistic effect changes the measurements we make in the standard
model, and vice versa, so that we can only use one of the two theories at any given time.

In addition, there is a technical problem that the standard interpretations have the effect
of identifying the subgroups SL(2,C) and SO(3, 1) of SL(4,R) with each other. That is, in
order to create the standard model from the quaternion model we have to choose a map from
SL(2,C) to SO(3, 1), since there is no canonical map of this form. This involves choosing a
copy of SL(2,C) from an 8-parameter family, choosing a copy of SO(3, 1) from a 9-parameter
family, and choosing a homomorphism from a 6-parameter family.

This introduces a total of 23 apparently arbitrary parameters into the model, which originally
had none at all. In other words, here is a potential model for explaining where the apparently
arbitrary parameters come from. Essentially, the choice of SO(3, 1) within SL(4,R) is a
definition of mass in macroscopic physics, while the choice of SL(2,C) within SL(2,H) is
a definition of mass in quantum physics. Therefore the arbitrary parameters arise from the
‘equivalence principle’ that says these two definitions of mass are the same.

To be more precise, the 9 parameters that define the choice of SO(3, 1) define 9 different
types of mass, that must be quantised as 9 different elementary particles. Moreover, they
form the spin (1, 1) representation of SO(3, 1), that is the tensor product of two 3-dimensional
representations, namely the left-handed spin (1, 0) and right-handed spin (0, 1) representations.
This suggests an interpretation as the 3 generations of electrons, up quarks and down quarks.

Similarly, the 8 parameters that define the choice of SL(2,C) form two Minkowski 4-vector,
that is spin (1/2, 1/2), representations. This suggests an interpretation as the 8 parameters
of the CKM and PMNS matrices. Finally, the 6 parameters that define the homomorphism
between SL(2,C) and SO(3, 1) form a copy of the adjoint representation, either as a complex
3-dimensional representation with spin (1, 0) or (0, 1), or as a real 6-dimensional representation
with spin (1, 0) + (0, 1).
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7.3. Long-range forces

Long-range forces are described by the square of 4a, with GL(4,R) as gauge group. There
are various ways we can extend this to a representation of the gauge group, depending on
whether the two 4-dimensional representations are the same or duals of each other. The first
case gives a splitting 6 + 10, the second 1 + 15. General relativity uses the former, to separate
the 6 dimensions of the field-strength tensor from the 10 dimensions of the stress-energy tensor.
Quantum mechanics would naturally use the latter, in order to obtain 15 gauge bosons plus
a spin 0 Higgs boson. These two approaches are, of course, incompatible with each other
as representations of continuous symmetry groups. At the local level, however, with a finite
group of symmetries, they are not incompatible. The representation splits into symmetric and
anti-symmetric parts:

S2(4a) = 1 + 4a+ 5,

Λ2(4a) = 3a+ 3b, (7.8)

and also into a scalar plus 15 independent ‘interactions’. The latter are then represented by
massless particles, so that the 6 antisymmetric interactions are described by photons. The
symmetric interactions, that is quantum gravity, are described by the representation 4a+ 5.

Now as we have seen, the standard model treats both 4a and 4b as spinors, in order to
incorporate the weak interaction into the formalism. Hence it is entirely possible, and indeed
seems to be the case, that 4a corresponds to fermions, that is neutrinos, in the standard model.
If so, then presumably the same applies to 5, so that the representation 3a⊗ 3b = 4a+ 5 can
be interpreted as three generations of neutrinos. This interpretation is, of course, controversial,
since there is a basic assumption that mediators for forces must necessarily be bosons. But
attempts to model gauge bosons for gravity [46, 47] have failed, so that it makes sense to try
something else. In the proposed interpretation, there are gauge bosons for the compact part
of the group, as normal, but the non-compact part appears to be more suitably interpreted as
fermions, for some reason.

As an aside, let us try to interpret the Georgi–Glashow model in these terms. I have already
suggested a signature (2, 3), though as SO(2, 3) rather than SU(2, 3). The latter, however, has
compact part equal to the usual gauge group of the standard model, and has 12 real degrees of
freedom in the boosts. If we interpret these boosts as fermions, as I suggest, then this modified
Georgi–Glashow model neatly encapsulates the whole standard model, without new particles
or new forces or any requirement for additional symmetry-breaking.

7.4. Short-range forces

Short-range forces in the standard model are supposed to be mediated by massive gauge
bosons. However, this principle is not carried through consistently, since the short range forces
that keep electrons bound to an atomic nucleus are described by virtual photons, and the
short-range forces that keep quarks together are described by massless gluons. Together, these
make up 14 of the 15 dimensions of SL(4,R), which suggests that an interpretation of gluons
as a pair of virtual neutrinos may be required in order to get the full dimension, and facilitate
a unification of the short and long range forces.

This begs the question of what role the massive bosons play, that is the Z and W bosons in
the case of the weak interaction, and the pions and kaons (and perhaps other mesons) in the
case of the strong interaction. As I have already shown in the case of the Z and W bosons,
the mass is a non-local phenomenon, so cannot be involved in the local processes, although it
certainly is involved in our measurements of the processes. The same is presumably true for
pions and kaons as well. It may therefore be of interest to investigate the mass ratios of charged
to neutral pions and kaons in the same spirit.
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First let us try to allocate the particles to representations. If the ‘left-handed’ representation
3a is allocated to the intermediate vector bosons, Z0, W+ and W−, then the pions must be
allocated to 3b, and the kaons to 5, assuming that we adopt my suggestion of three linearly
independent neutral kaons. The pion mass ratio then depends on a ratio of two rotations. The
scale is, as usual, the Solar System, and the ratio appears to be related to the length of a month,
determined not by the strength of the Moon’s gravitational pull on the Earth, as the Cabibbo
angle is, but on its alignment with the gravity of the Sun. Hence the ratio is determined by
the length of a synodic month at an average of 29.53 days.

We have seen that frequency ratios appear in mass formulae directly, and not via
trigonometric functions, so that the relevant ratio is something like

1 + 1/29.53 ≈ 1.03386. (7.9)

The agreement with the measured mass ratio

139.570/134.977 ≈ 1.03403 (7.10)

is not perfect, however. In order to get this exact mass ratio we need a ‘standard’ month of
29.39 days, which is well within the typical variation of ±.25 days in the length of a synodic
month over the course of a year. It is not clear how or when this standard month was effectively
adopted in the standard model.

The kaon mass ratio lies in the spin 2 representation of the finite group, which translates
to the spin 2 representation of the geo-spin group, which implies that we must use the square
of a suitable trigonometric ratio. In this case the inclination of the lunar orbit seems to be a
suitable angle. We then have an estimate of

cos2 5.14◦ ≈ .99197 (7.11)

compared to a measured mass ratio of

493.68/497.61 ≈ .99210. (7.12)

The difference here of .00013 is not much more than the experimental uncertainty of .00005
in this mass ratio, and is swamped by the variation in the angle of inclination, which leads to
a range of ±.0005. Again, this leads us to conclude that a ‘standard’ value of the inclination
of around 5.10◦, well within the extremes 4.99◦ and 5.30◦ of the basic 347-day cycle, has been
effectively incorporated into the standard model.

In both cases, therefore, there is potential for an investigation into the historical process
by which these parameters were fixed, and an experimental test to see whether repeating the
experiments that led to this fixing could lead to a recalibration of the parameters in certain
parts of the standard model. It is unlikely that it will be possible to separate any one of these
mass ratios from the others, so that re-measurement of a single mass ratio, such as the pion
mass ratio or the kaon mass ratio, on its own may not reveal any variation over time.

Hence a test of this kind might require a complete re-calibration of the whole standard
model from scratch. In one sense, there is no point in doing this, since the standard model
works perfectly well with the parameters it already has. The only point would be in order
to make progress with unification of particle physics with a quantum theory of gravity. Such
unification will be impossible without a full understanding of how to calibrate the standard
model masses against gravity. In effect, the Earth is part of the experimental apparatus, and
needs to be calibrated like any other experimental apparatus. Since the Earth is constantly
changing, we have to accept that the calibration is local to a particular time and place, and
may be measuring contingent rather than universal parameters.
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7.5. Quantum spacetime

In the previous section, I have allocated the massive gauge bosons of the weak interaction to
the representation 3a, identified with the adjoint representation of SU(2)L in the form S2(2a),
and I have allocated 8 massive bosons related to the strong force to 3b+ 5. The latter has the
structure of the adjoint representation of SU(3), restricted to the finite group, although it is
perhaps better interpreted as the adjoint representation of SL(3,R) acting on 3b, by taking
the scalar representation out of

3b⊗ 3b = Λ2(3b) + S2(3b)

= 3b+ (1 + 5). (7.13)

This representation can also be obtained from the spinors in the form

2b⊗ 4b = 3b+ 5, (7.14)

which supports the allocation of 2b and 3b to properties of the strong force, where 2a and 3a
are instead allocated to properties of the weak force, via the equality 2a⊗H 2a = 1 + 3a. In
this scheme it is not clear whether 1 should be allocated to the η meson, or the η′ meson, or
the Higgs boson, or perhaps all three in different contexts. We also have the representation
4a = 2a⊗H 2b to allocate, either to particles, or simply to a quantum of spacetime, defined
by the combination of the weak and strong forces. Since we cannot assign mass to particles
without embedding them in spacetime, the latter option seems the more appropriate.

8. Discussion

8.1. Summary

In this paper I have argued for a separation of the discrete and continuous symmetries
of quantum mechanics that is both mathematically and philosophically quite different from
any of the usual ways of trying to visualise the wave/particle duality of the fundamental
constituents of the universe. The essential argument is that the known experimental properties
of entanglement imply a basic distinction between intrinsic (internal or local) symmetries that
are discrete, and environmental (external or non-local) symmetries that are continuous. This
argument implies a ‘relational’ interpretation of the wave-function, as in [48].

I have shown how the group algebra of a finite group provides a natural method of obtaining
the continuous non-local symmetries from the discrete local symmetries, and that there is a
unique finite group whose group algebra provides environmental symmetries consistent with a
4-dimensional Minkowski spacetime. The action of this group on the Dirac spinors defines a
specific set of 10 elementary fermions, with the property that if one of these is chosen to be
special, the symmetry is broken to one neutrino, three electrons and six quarks. Each of these
10 ‘particles’ comes in a set of 12 ‘states’, that are specific quaternion scalar multiples of each
other. This is the same number of discrete spin/generation/colour/(anti)particle states as in
the standard model, except that the electrons have more states than before.

The model therefore extends the standard model to include a ‘gyration’ state for leptons, with
the property that the gyration state for neutrinos, but not for electrons or quarks, is equivalent
to an eigenvalue of the ‘generation’ operator. The gyration state for quarks is equivalent to
the colour. Gyration in this sense is therefore a quaternion scalar that, like spin, depends
on the chosen basis for the quaternions, and therefore on the observer’s choice of orientation
of the experiment that measures it. This fact leads to a potential explanation of neutrino
oscillations analogous to the standard explanation of the measurement of spins. In particular,
the model does not require non-zero neutrino masses, although it has room for them whenever
the symmetry of space is broken by a gravitational field.
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8.2. Overview of parameters

In the standard model, there is a total of 9 mixing angles, comprising one electroweak mixing
angle, plus two sets of 1 + 3 mixing angles in the CKM and PMNS matrices. This matches the
9 dimensions of either adjoint SL(4,R) or adjoint SL(2,H) outside adjoint SL(2,C). In both
cases these 9 dimensions comprise one scalar and two Minkowski 4-vectors for SL(2,C).

Since it is impossible to shield any of the experiments on which the standard model is based
from gravity, it is impossible to rule out on theoretical grounds the hypothesis that these
experiments are significantly affected by quantum gravity. It is therefore impossible to rule out
the hypothesis that the measurements of many of the parameters of the model are entirely
dependent on the ambient gravitational field. I have presented both theoretical arguments and
experimental evidence to support the contention that at least three of these mixing angles are
non-locally determined, on a Solar System scale, by the dynamics of the gravitational field.
The remaining two angles in the CKM matrix would seem to be related to motion of the Earth
within the ecliptic plane, probably due to the eccentricity of the Earth’s orbit, but possibly
also involving some other parameter.

There is a completely different set of 9 parameters, which correspond to the 9 dimensions
of SL(4,R) outside adjoint SO(3, 1). These can be labelled by the irreducible spin (1, 1)
representation, so have a 3× 3 structure, and can be identified with the masses of 9 types
of particles, measured relative to an appropriate standard mass. This suggests using the 9
fundamental charged fermions, measured relative to the proton mass, although clearly there is a
wide choice of other possibilities. I have presented evidence that one of these 9 mass parameters
is linked to a gravitational parameter, but the other 8 still remain to be considered. If, on the
other hand, some of these fermion masses are replaced by boson masses, then there are two
further proposals for possible links to gravitational parameters.

8.3. Future directions

Instead of defining an inertial frame by reference to the gravitational field, as general
relativity does, it is possible to work with an arbitrary but ‘fixed’ frame of reference, as the
standard model of particle physics effectively does, and use general relativity to convert between
different frames of reference. I have shown how this implies the equivalence principle locally,
but that the equivalence principle cannot hold globally, since non-local measurement of mass
is not the same as local measurement. In this way it may perhaps be possible to extend the
standard model to a more subtle generally covariant model.

I have made no attempt at this stage to incorporate the strong force or gravity explicitly
into the model, but have only indicated briefly where these might be found. The identification
of colour with gyration implies that colour confinement can be assumed only in a uniform
gravitational field. The ‘leaking out’ of colour that I have shown occurs in a non-uniform field
is therefore a quantum gravitational effect that causes transfer of gyration between elementary
particles. Neutrinos can in this model transfer gyration across the universe, and thereby create
a force of gravity, although they are obviously not spin 2 gravitons. The spin 2 property arises
because the transfer requires a spin 1 (weak) interaction at each end, but it would be rather
bizarre to interpret this non-local combination of two intermediate vector bosons as a single
‘particle’.

The linking of many parameters of the standard model to gravitational parameters in this
paper leads one to hope that there are enough clues to the nature of quantum gravity that
a realistic model may now be developed. The most important clue is that the Dirac group
SL(2,C) and the Lorentz group SO(3, 1), far from being identical, appear to be disjoint
subgroups of SL(4,R), one describing a physical rotation of space in real time, the other
describing an inertial change of observer.
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