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Abstract. We observe a certain linear relation between the masses of the

proton, neutron and three generations of electron, and discuss whether or not
this is purely a coincidence.

1. Introduction

One of the many puzzles remaining in particle physics is why the masses of the
proton and the neutron are so nearly equal, but not exactly so. The theory of the
weak interaction is ultimately based on this approximate symmetry, encoded in the
gauge group SU(2). But since the masses are not exactly equal, this symmetry is
‘broken’, in a way that the Standard Model does not explain.

In the language of group theory, what this means is that the ‘symmetry groups’
that are used in the theory do not respect mass, and that the ‘real’ symmetry
groups of the ultimate theory must therefore be something different. There is no
consensus on what the real symmetry groups are, and there are many different ideas
about how to approach this problem.

If the goal is to find symmetry groups that do respect mass, then it may be possi-
ble to find clues from the empirical values of elementary particle masses. However,
these values are so strange and seemingly arbitrary, that no generally accepted,
simple, physically meaningful relationships have been found. One controversial for-
mula, the Koide formula, is known, but generally regarded as a coincidence rather
than a physically meaningful relationship. That is, no theory of mass has been
developed that could explain such a formula.

The Koide formula is a quadratic relationship between the masses of the three
generations of electron, that is even now not ruled out by experimental measure-
ments. From group theory alone, one might even expect a simpler relationship,
such as a linear equation, since the primary method of symmetry-breaking in group
theory is the choice of a basis in a linear space.

In this paper I present a linear relation of this type, and speculate on whether
or not it might be physically meaningful. At present, there is no evidence that
it has physical meaning, and therefore it is likely to be consigned to the category
of ‘meaningless coincidence’. However, if there is even the faintest possibility that
it could stimulate a new way of approaching the mass problem, then it is worth
spending a little effort investigating further.

Date: First draft: 5 September 2015; this version 9 July 2018.

1



2 ROBERT A. WILSON

2. Developing a formula

It is easily observed that the mass mτ of the tau particle is nearly twice the mass
of a nucleon. Moreover, adding the mass mµ of the muon we find that mµ +mτ is
almost exactly twice the mass of a nucleon. Substituting current best estimates for
these values gives mµ + mτ = 1882.50MeV/c2, while 2mp = 1876.54 and 2mn =
1879.13. If we take the latter figure, then there is agreement to within 0.2%, which
is roughly 2σ in terms of the main component of experimental uncertainty, that is
the mass of the tau itself. Given the complexities of the whole concept of mass,
there is no reason to think that this is anything other than a coincidence.

If, however, one were to attempt to make this more precise, one would need to
distinguish between the mass mp of the proton and the mass mn of the neutron.
Moreover, one would need to consider whether to try to incorporate the mass me

of the electron as well, and if so, how. Since the experimental uncertainty in the
mass of the tau is of the order of me/3, it would appear to be meaningless to try
to adjust the formula by incorporating electrons, and/or switching neutrons with
protons, without some guiding principles.

If such a formula is to have any physical meaning at all, it should surely be
symmetric in the three generations of electron. And if we are to distinguish between
protons and neutrons, then we must surely use the charge somehow. The obvious
thing to do is to insist that the charge is the same on both sides of the equation.
Finally, we must exclude anti-particles, because otherwise it becomes too easy to
satisfy the charge condition.

These three principles lead to a unique possibility for such an equation, namely

me +mµ +mτ + 3mp = 5mn.(1)

Since four of these values are known to much higher accuracy than the fifth, it
makes more sense to regard this equation as a prediction of the mass of the tau,
that is

mτ = 5mn − 3mp −mµ −me.(2)

3. Experimental evidence

We can now compare with experiment. Taking the values in MeV/c2 to be

mp = 938.272046
mn = 939.565378
me = .510999
mµ = 105.658371

with experimental uncertainties reaching into the 5th decimal place, we calculate
the estimate

mτ = 1776.841382(3)

with uncertainty now reaching into the 4th decimal place. Eliminating spurious
accuracy, our prediction becomes

mτ = 1776.8414± .0002(4)

This is in complete agreement with the CODATA recommended value of

mτ = 1776.82± .16(5)

Moreover, it predicts at least two more decimal places of the value of mτ .
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4. Group-theoretical framework

Much of particle physics is concerned with the relationship between the Lie
groups that underlie the wave theory, and the finite groups that describe the fam-
ilies of particles. In the case of the weak interaction, the relevant Lie groups are
SO(3) and its double cover SU(2). The finite analogues of SO(3) are the groups of
symmetries of the tetrahedron, octahedron and icosahedron. The finite analogues
of SU(2) are their double covers, the so-called binary tetrahedral, octahedral and
icosahedral groups.

Now the occurrence of the numbers 3 and 5 in the formula above suggests a
connection with the icosahedral group. The representation theory of this group is
summarised in the character table, reproduced here (α, β = (1±

√
5)/2).

1 1 1 1 1
3 −1 0 α β
3 −1 0 β α
4 0 1 −1 −1
5 1 −1 0 0

An important property of character tables is column orthogonality, that is, the
columns, regarded as vectors in an abstract 5-dimensional space, are orthogonal to
each other in the usual sense. The orthogonality of the first two columns can be
expressed as 1 + 5 = 3 + 3.

The numbers in this equation are the dimensions of the representations of the
group, and would therefore correspond to numbers of particles of certain types. It
is not hard to make the leap to identify one of the 3-dimensional representations
as consisting of three generations of electron, the other to consist of three protons,
and the 5-dimensional representation to consist of five neutrons.

The 1-dimensional representation might then consist of neutrinos. An adjust-
ment to the formula along these lines would seem to be necessary anyway, as the
equation has an odd number of half-spin particles on one side, and an even number
on the other.

5. A ‘prediction’

Supposing for the moment that the speculation in the previous section could
be given some solid basis, one would be tempted to speculate further on potential
physical meanings to other orthogonality relations. For example, orthogonality
between the first and third columns is expressed by the equation 1 + 4 = 5. If
we have already identified 1 and 5 as neutrino and neutron, then what does the 4
represent?

It must surely represent a collection of four particles, which might be identical
or might be closely related in some way. These particles should be free particles,
not quarks, and their total mass should be equal to the mass of five neutrons. Is
such a collection of particles observed?

The answer is a qualified ‘yes’. There are exactly four spin- 12 strange baryons,

namely the Λ, Σ0, Σ+ and Σ−. Their masses in MeV/c2 are as follows:

Λ 1115.683± .006
Σ0 1192.642± .024
Σ+ 1189.37± .07
Σ− 1197.449± .030(6)
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These values sum to 4695.144, with an error somewhere in the range .08 to .13,
depending on one’s statistical assumptions. We can now compare the total with
the mass of 5 neutrons, 4697.7827. The discrepancy here is around .056%, which is
about an order of magnitude greater than the claimed accuracy of the experimental
measurements. Nevertheless, the coincidence is striking.

6. Towards an interpretation of the character table

The difference of the last two columns has values ±
√

5 on the representations of
dimension 3, and 0 elsewhere. This is closely connected to the (total) charge of the
associated particles.

It seems likely that the full character table of the binary icosahedral group will
play a role, so we reproduce that here.

1 1 1 1 1 1 1 1 1
3 3 −1 0 0 α α β β
3 3 −1 0 0 β β α α
4 4 0 1 1 −1 −1 −1 −1
5 5 −1 −1 −1 0 0 0 0
2 −2 0 −1 1 −α α −β β
2 −2 0 −1 1 −β β −α α
4 −4 0 1 −1 −1 1 −1 1
6 −6 0 0 0 1 −1 1 −1

7. The group algebra

So far, all we have done is numerology, and there is no theory of any kind to
back it up. If we hope to build such a theory, it must be based on the underlying
algebra, that is the group algebra of (presumably) the binary icosahedral group.
This group algebra has 120 dimensions, and in the usual formulation these are
complex dimensions. Of course, this is a different type of algebra from the Lie
algebras, Clifford algebras and Jordan algebras that are typically used in developing
theories beyond the Standard Model.

This complex group algebra decomposes as a direct sum of matrix algebras,
in which the sizes of the matrices are the dimensions of the irreducible complex
representations, that is 1, 3, 3, 4, 5 for the representations of the rotation group of
the icosahedron, and 2, 2, 4, 6 for the faithful or ‘spin’ representations. Clearly,
therefore, there is scope for embedding the usual groups of the Standard Model,
U(1), SU(2) and SU(3), and much more besides.

My feeling is, however, that the real group algebra may provide a better fit.
This algebra has 120 real dimensions, and decomposes instead into 5 real matrix
algebras, of sizes 1, 3, 3, 4, 5, and 4 quaternionic matrix algebras, of sizes 1, 1, 2, 3.
One then sees in the spin representations a quaternionic version of the complex
Lie group U(1) × U(1) × SU(2) × SU(3), and potentially therefore a more direct
extension of the Standard Model. There are however many ways of embedding
U(1)× SU(2)× SU(3) in the real group algebra, and it is not at all obvious which
embedding is likely to be most useful.

The algebra of n×n quaternion matrices consists of a positive real scalar, together
with a particular real form of SU(2n). This real form has compact part Sp(n), of
real dimension n(2n + 1). Hence the compact part of the ‘spin’ part of the real
group algebra consists of Sp(1)× Sp(1)× Sp(2)× Sp(3).
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Now Sp(1) ∼= SU(2) is a double cover of SO(3), while Sp(2) is a double cover of
SO(5). The real form of SU(4) that arises here is a double cover of SO(5, 1). On
the other hand, Sp(3) is not a double cover of anything more familiar, even though
it has the same dimension as SO(7). But Sp(3) contains SU(3), and is contained
in SU(6), so is closely related to the groups of the Standard Model and of some
proposed GUTs.

8. Representations and mediators

The group algebra is used in representation theory to classify and describe the
representations of the defining group (in this case the binary icosahedral group of
order 120), but these are also representations of the group algebra itself. Hence they
can also be interpreted as representations of any subgroup of the group algebra,
including Lie groups embedded in the group algebra. In other words, the group
algebra is potentially capable of giving a traditional GUT picture of particles living
in representations of Lie groups.

Where the group algebra wins out over a traditional GUT, however, is in the
symmetry-breaking, which seems to appear naturally.

To see how this might arise, consider the bosonic representations, which we may
label 1, 3, 3′, 4, 5, and which have been associated above with neutrinos, electrons,
protons, strange baryons and neutrons, respectively. There is a noticeable differ-
ence between the representations 3′ + 5 which are associated with multiple copies
of formally identical particles, and those, 1 + 3 + 4, which are associated with dis-
tinct particles. If we are to associate bosonic repreentations with mediators in the
standard way, then the representations 3′ + 5 are more naturally associated with
the strong force, the representations 1 + 3 + 4 with the weak force.

The mediators of the strong force are the 8 gluons, which in the standard model
are identified with elements of the (complex) Lie algebra su(3). There is a fairly
natural division of these 8 into the 3 that lie in so(3), and the 5 that form the ‘spin
2’ representation of so(3). Hence there should be no real obstacle to identifying
this division with the splitting into representations 3′ + 5 of the icosahedral group.

The mediators of the electro-weak force are the photon, Z and W±, with a
natural splitting into 1 + 3 as 1 massless and 3 massive bosons. This associates
the electroweak interaction with the neutrino/electron sectors in the representa-
tions 1 + 3. On the other hand, the weak interaction that relates up and down
quarks also acts on the four strange baryons of the representation labelled 4. There
is potential here, then, to model the symmetry-breaking from the ‘primordial’ 4
massless electroweak bosons, to the 1 + 3 that we observe today. In particular, a
theory based on these ideas should predict that the Weinberg angle is non-zero,
and may also predict its value.

The weak interaction also describes the relationship between a proton and a
neutron, but these particles are associated with representations of dimensions 3
and 5 respectively. Hence there can be no direct correlation. While 3 of the 5
neutron (udd) dimensions could be matched with 3 proton (uud) dimensions, the
other 2 would have to match with the two neutral strange baryons (uds). In other
words, there is potential here for a theory to explain why the Cabibbo angle is
non-zero, and perhaps to predict its value.
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9. Fermionic representations

We have seen that mass appears to lie in the bosonic representations, so there
is no need for the fermionic representations themselves to contain a ‘generation’
label. The neutrinos therefore need only one Weyl spinor, that is one quaternion,
while the electrons require a Dirac spinor, that is two quaternions. The quarks in
the Standard Model require three colours of Dirac spinor, so six quaternions. We
may therefore not have enough room for all the quarks.

This may however not be an insurmountable problem, since there is another
fermionic representation, 1-dimensional over quaternions, which could be used to
double the number of quarks. That is, of the 1 + 1 + 2 + 3 available quaternions,
we could use 1 + 2 for neutrinos and electrons, and 1′+ 3 for quarks. Perhaps then
the representation 1′ encodes the up-down dichotomy, while the representation 3
encodes colours.

A picture like this, however, looks to be too simplistic. In particular, we have not
yet provided a mechanism to give mass to neutrinos, or even to distinguish three
generations of neutrinos at all. A possible means to do this is to put neutrinos
into quaternionic 1 + 1′, so that one quaternion describes the spin, and the other
labels the generation. However, these speculations are not getting us any closer to
developing a theory based on the above ideas.

Perhaps, then, we should use 1 or 1′ as a generation label in all cases? Switch-
ing to labels given by the complex dimension, the fermionic representations are
2, 2′, 4′, 6, and if 2 represents a generation label, then its symmetric square is 3,
that we have associated with the three generations of electron. So far so good.

10. Tensor products

Let us label the fermionic representations by their complex dimensions, as 2, 2′, 4′, 6.
Then 2⊗ 2 = 1 + 3, while 2⊗ 2′ = 4; similarly 2⊗ 4′ = 3 + 5 and 2⊗ 6 = 3′+ 4 + 5.

Similarly, the tensor products of 2 with the bosonic representations are 2×1 = 2,
2× 3 = 2 + 4′, 2× 3′ = 6, 2× 4 = 2′ + 6, 2× 5 = 4′ + 6.

Do these equations have any physical interpretation?

11. The group algebra of the binary tetrahedral group

In order to get some more clues to how to construct a model of this type, let us
look at a smaller group. The character table of the binary tetrahedral group is the
following, where ω = (−1 +

√
−3)/2 and ω̄ = (−1−

√
−3)/2.

1 1 1 1 1 1 1
1 1 1 ω ω ω̄ ω̄
1 1 1 ω̄ ω̄ ω ω
3 3 −1 0 0 0 0
2 −2 0 −1 1 −1 1
2 −2 0 −ω ω −ω̄ ω̄
2 −2 0 −ω̄ ω̄ −ω ω

Hence the complex group algebra contains SU(3) together with three copies of
U(1)× SU(2) (perhaps for three generations of fermions?).

The real group algebra, on the other hand, has compact part consisting of
U(1) (for the two complex 1-dimensional representations), and Sp(1) (for the 2-
dimensional representation with real character), and another U(1)× Sp(1) for the
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other two 2-dimensional representations, and SO(3) for the 3-dimensional repre-
sentation. This is not enough to reproduce the whole of the Standard Model, but
it might be enough to reproduce the electro-weak theory.

12. A toy model—the quaternion group

Perhaps we should look at something even smaller—the quaternion group.

1 1 1 1 1
1 1 1 −1 −1
1 1 −1 1 −1
1 1 −1 −1 1
2 −2 0 0 0

In this case the tensor square of the 2-dimensional representation is the sum of
the four 1-dimensional representations. If we just consider the group algebra as a
direct sum of matrix algebras, then there is complete symmetry among the four
copies of the 1×1 matrices. However, in the presence of the quaternion group, this
symmetry is broken.

The outer automorphism group of the quaternion group restores some, but not
all, symmetry. The full outer automorphism group S3, of order 6, or its subgroup
of order 3, both give 1 + 3 symmetry. This might be interpreted as the splitting of
electroweak bosons into the photon and the three massive bosons.

The subgroup of order 2 gives 1 + 1 + 2 symmetry. This might be interpreted as
the spitting of the three massive bosons into the neutral Z and the charged W±.
In other words, this automorphism acts as charge conjugation. But the W+ and
W− have opposite charge, so they are distinguishable, and no symmetry remains.
This, I believe, is the fundamental algebraic description of symmetry-breaking in
the electroweak sector.

Now restricting from the binary icosahedral group, we see that both 3 and 3′

restrict as the sum of the three non-trivial 1-dimensional representations, while 4
restricts as the sum of all four 1-dimensional representations. Similarly, 5 restricts as
two copies of the trivial representation, and one of each of the others. In particular,
both 1 + 3 + 4 and 3′ + 5 restrict as two copies of all the bosonic representations.

In the electroweak sector, these 8 real dimensions are normally regarded as 4
complex dimensions. In the strong sector, they are normally complexified to give
8 complex dimensions, but possibly 8 real dimensions are sufficient to describe
the theory. Alternatively, the mixing angles between the electroweak and strong
interactions force the use of complex numbers, but then also force the 4 electroweak
dimensions to be included in the resulting 8 complex dimensions.

Another possibility is that this mixing cannot be done over complex numbers,
and that one is forced to regard the 16 real dimensions as just that. Yet another
possiblity is that there is a way to interpret these 16 real dimensions as 4 quater-
nionic dimensions. Or it may not be possible to reproduce the Standard Model
mediators in this 16-dimensional representation 1 + 3 + 3′ + 4 + 5. All this is pure
speculation at this stage.

13. Discussion

There is currently no theory of mass that could possibly explain a simple linear
relationship of this kind. Thus with our current understanding, this relationship
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must be regarded as a pure coincidence. On the other hand, one might consider this
particular coincidence to be sufficiently unlikely that it merits further investigation.
One might perhaps consider it worthwhile to look for a theory of mass that could
incorporate such linear relationships.

The equation was designed to balance not only mass, but also charge. It does
not however balance spins, which would be necessary if the equation were to have
an interpretation at the particle level. This can be remedied by adding in the
three neutrinos (or possibly anti-neutrinos) on the left hand side, so that each side
contains 15 quarks and leptons, so 15 half-spins.

This suggests that in the domain of the strong interaction there is an equilibrium
between a five-neutron state and a three-proton-plus-all-leptons state. In order for
an atomic nucleus to be stable, therefore, it requires a proton-to-neutron ratio
significantly greater than 3/5, in order for there to be enough protons to re-absorb
the electron before it has a chance to escape. This of course is well-known, but for
much more complicated reasons.
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