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Abstract. I show how the isomorphism between the Lie groups of types B2

and C2 leads to a faithful action of the Clifford algebra C`(3, 2) on the phase

space of 2-dimensional dynamics, and to a mathematical equivalence between
Dirac spinors and the complexification of this phase space. Extending to the

phase space of 3-dimensional dynamics allows one to embed all the gauge

groups of the Standard Model as well, and hence unify the electro-weak and
strong forces into a single algebraic structure, identified as the gauge group

of Hamiltonian dynamics. This group transforms between phase space co-

ordinates appropriate for arbitrary observers, and shows how the apparently
arbitrary parameters of the Standard Model transform between mutually ac-

celerating observers. In particular, it is possible to calculate the transforma-

tion between an inertial frame and the laboratory frame, in order to explain
how macroscopic laboratory mechanics emerges from quantum mechanics in a

uniform gravitational field. The model also shows how it is possible to write

down a ‘modified Newtonian’ quantum theory of gravity that is consistent with
quantum mechanics, and with the Newtonian limit for small systems, but is

not consistent with General Relativity.

1. Electo-weak theory

1.1. Clifford algebras and spin groups. The Dirac algebra [1], that is central
to the Standard Model of Particle Physics (SMPP), is a copy of the algebra M4(C)
of 4× 4 complex matrices, that is usually described, or interpreted, as the complex
Clifford algebra C`(3, 1) of Minkowski spacetime [2, 3, 4]. However, Clifford algebras
of real spaces are naturally real, not complex, and the fundamental reason for the
complexification is not readily apparent, although it is clearly necessary for practical
calculations. In fact, there are three real Clifford algebras isomorphic to M4(C),
namely C`(4, 1), C`(2, 3) and C`(0, 5). The first two are often interpreted to extend
Minkowski spacetime to include an extra dimension of either time or space, resulting
in what is called de Sitter space or anti-de Sitter space respectively.

The main purpose of constructing a Clifford algebra is to construct a spin group
[5], and the Dirac algebra allows us to construct all three real forms of Spin(5),

• Spin5(R) ∼= Sp2(H);
• Spin4,1(R) ∼= Sp2,2(R);
• Spin3,2(R) ∼= Sp4(R) ∼= Sp2(H′).

In the physics literature it is common to use the notation Sp(2) for any or all of
these groups, according to context, but for our purposes it is essential to distinguish
them carefully. We shall only be interested in the case Sp2(H′), whose Lie algebra
consists of anti-Hermitian matrices over the split form of the quaternions.
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1.2. The split quaternions. Recall that the compact form H of the quaternions
is defined by Hamilton’s famous equations

i2 = j2 = k2 = ijk = −1.(1)

The split form H′ can be defined by moving the negative sign to the left:

−I2 = J2 = K2 = IJK = 1.(2)

The imaginary split quaternions generate the Lie algebra sp1(H′) ∼= sl2(R), and the
isomorphism can be made explicit via the identification

I 7→
(

0 1
−1 0

)
, J 7→

(
0 1
1 0

)
, K 7→

(
1 0
0 −1

)
,(3)

where we use the mathematicians’ definition [A,B] := AB−BA for the Lie bracket,
without the extra factor of i generally used by physicists.

The action of H′ on itself by right-multiplication can therefore be split into two
real 2-dimensional representations with bases 1 +K, I + J and I − J,K − 1, where
the basis vectors are chosen to agree with the above matrices. The splitting of the
quaternionic vectors into two equivalent real vectors introduces some redundancy
into the representation, which is subsequently removed from the applications in
quantum mechanics by the Dirac formalism. Left-multiplication by I converts
these two real representations into a complex representation, since

I(1 +K) = I − J, I(I + J) = K − 1.(4)

The redundant left-multiplication by I generates a Lie group U(1), whose essential
purpose is to translate between notations for the group Sp2(R) = SL2(R) that is
used in classical Hamiltonian mechanics, and the isomorphic group Sp1(H′) that is
used in quantum mechanics.

1.3. Pauli and Dirac matrices. The Hermitian 2×2 matrices over H′ correspond
to the Dirac γ matrices as follows:

σ1 :=

(
1 0
0 −1

)
7→ iγ1, σ2 :=

(
0 1
1 0

)
7→ iγ2, σ3 :=

(
0 −I
I 0

)
7→ iγ3,

σ4 :=

(
0 −J
J 0

)
7→ iγ0, σ5 :=

(
0 −K
K 0

)
7→ iγ5.(5)

The notation is chosen to show how the Dirac matrices are a natural generalisation
of the Pauli matrices, when we extend from C to H′. The products of pairs of these
matrices are the anti-Hermitian generators for the Lie algebra sp2(H′) ∼= so(3, 2).

The Dirac spinors on which these matrices act can be written as columns of two
split quaternions, and therefore have 8 real degrees of freedom, as they do in stan-
dard quantum mechanics. There is a complex structure defined by multiplication
by the complex scalar

σ1σ2σ3 =

(
I 0
0 I

)
(6)

and the equations

IJ = K, IK = −J(7)

show that if the 1, I coordinates of the spinor are taken to represent the left-handed
Weyl spinor, then the J,K coordinates represent the right-handed Weyl spinor, and
vice versa.
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1.4. The Jordan algebra. The fundamental splitting of the matrix algebra into
Hermitian and anti-Hermitian parts is a splitting into a Jordan algebra (Hermitian
matrices) under the Poisson bracket

{A,B} := AB +BA(8)

and a Lie algebra (anti-Hermitian matrices) under the Lie bracket

[A,B] := AB −BA.(9)

In physics, Jordan algebras model fermions and Lie algebras model bosons.
The Jordan algebra has an identity element(

1 0
0 1

)
= −σ1σ2σ3σ4σ5,(10)

which is used in the Dirac equation for the mass of a fermion (multiplied by i to
convert from our convention to the standard convention). The five Dirac matrices
all square to ±1, and split into a set of three with positive mass, and a completely
different set of two with negative mass. Since particles with negative mass cannot
exist as free particles, these must be interpreted as quarks, which cannot exist
in isolation. Hence the obvious choice is a splitting into three leptons (the three
generations of electrons, represented by σ1, σ2 and σ3) and two quarks (the up and
down quarks, represented by σ4 and σ5).

It appears then that the fundamental splitting of fermions into leptons and
quarks is already modelled inside the Dirac algebra, and corresponds to a split-
ting of H′ into C+C⊥. This insight is not at all obvious in the standard formalism,
and arises here as a result of the fundamental quaternionic structure of the Dirac
algebra, which is obscured by the standard complex notation. The property of
quark confinement is an immediate consequence of their negative mass, which is
another property that is obscured by the factor of i in the mass term in the Dirac
equation, which led Dirac to interpret negative mass as negative energy, and to
interpret particles with negative energy as anti-particles. In the Jordan algebra,
however, it is possible to represent anti-particles as negatives of the particles, so
that the mass, obtained by squaring, is the same for both particle and anti-particle.

1.5. The Lie algebra. The Lie algebra generated by the anti-Hermitian matrices
is sp2(H′), and has a basis consisting of the following matrices:

σ1σ2 =

(
0 1
−1 0

)
,

σ4σ5 =

(
I 0
0 I

)
, σ2σ3 =

(
I 0
0 −I

)
, σ3σ1 =

(
0 I
I 0

)
,

σ3σ5 =

(
J 0
0 J

)
, σ2σ4 =

(
J 0
0 −J

)
, σ4σ1 =

(
0 J
J 0

)
,

σ4σ3 =

(
K 0
0 K

)
, σ2σ5 =

(
K 0
0 −K

)
, σ5σ1 =

(
0 K
K 0

)
.(11)

The splitting into C + C⊥ splits the compact part, U(2), usually interpreted as
a spin group SU(2) together with a scalar gauge group U(1), from two 3-vector
representations of the spin group, that are converted into a single complex 3-vector
by the gauge group. However, this interpretation begs the question, which is the
real 3-vector that extends SU(2) to the relativistic spin group SL(2,C)?
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Moreover, there is no copy of the gauge group SU(2) for the weak force, that
one would expect to see here. And finally there is an inconsistency with the inter-
pretation of the fermions in the Jordan algebra that was proposed in the previous
section. To resolve these issues, note first that in the Standard Model the spin is
always measured in the z direction, and the spins in the x and y directions do not
appear. Similarly, only the third component of weak isospin occurs in the Standard
Model. We are therefore not obliged to maintain the symmetry between the x, y
and z directions of spin, or between the 1, 2 and 3 components of weak isospin.
We can therefore restrict to σ1σ2 to represent spin in the z direction, and σ4σ5 to
represent the third component of weak isospin. The group SU(2) of symmetries on
the indices 1, 2, 3 is then available to act on directions relative to the direction of
spin, rather than absolute directions, and the group SL(2,R) of scalar matrices is
available to act on directions of weak isospin relative to the third component.

1.6. Introducing mass. This proposal allows us to use SU(2) to describe the
three generations of electrons, as proposed above, and to describe their different
couplings to gravity (i.e. their different masses) as couplings of the direction of
spin to the gravitational field. We then have a choice of perspective, either to fix
the direction of spin and allow the direction of gravity to be arbitrary, or to fix the
direction of gravity and allow the direction of spin to be arbitrary.

When we use the weak interaction to couple neutrinos to electrons, we fix the
direction of spin, which is the same as the direction of momentum of the neutrino. If
we then change the direction of the gravitational field, then we change the coupling
between gravity and spin, so that the neutrino can interact with an electron of
a different generation. Hence this interpretation provides a basic explanation of
neutrino oscillations [6, 7, 8] in terms of coupling of electron spins to gravity.

As a result of this change of viewpoint, the Lie algebra gives no global description
of 3-dimensional space, but only a description of 2-dimensional space relative to
an arbitrary direction determined by the choice of the observer. We can use the
dynamics of spacetime as described by General Relativity [9, 10, 11], to pick the
third direction as, say, the direction of freefall from the point of phase space under
consideration. In standard approaches to quantum gravity, this is usually done
by creating a spin connection over a spacetime manifold, in order to de-couple
gravity from the other forces. However, this seems unnecessarily complicated, if we
have the ability to embed the freefall trajectories directly into phase space. The
flip-side of this approach is that we are then forced to couple gravity to the other
fundamental forces, and calculate or measure the appropriate mixing parameters,
which are essentially the masses of a suitable set of ‘fundamental’ particles.

2. Adding the strong force

2.1. The gauge group and possible interpretations. To extend the descrip-
tion of quantum dynamics to include the third dimension, we must extend the 2×2
matrices to 3 × 3 matrices, which extends the fermionic part of the model from
5 to 14 degrees of freedom, and extends the bosonic part from 10 to 21 degrees
of freedom. The compact part of the Lie algebra now generates a gauge group
U(3), which extends the gauge group U(1) of QED by the gauge group SU(3) of
the strong force [12]. This group splits the Jordan algebra into 8 dimensions of
symmetric matrices on 1, I and 6 dimensions of anti-symmetric matrices on J,K,
in which we must choose bases to identify specific particles.
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It is plausible to suppose that the anti-symmetric matrices are the six leptons,
but the symmetric matrices cannot be the six quarks, so perhaps they are the
baryon octet, restricting to the proton and neutron in two dimensions. Restriction
from SU(3) to SO(3) breaks the symmetry further to 3 + 3 leptons and 3 + 5
baryons. This group is both an absolute rotation group in space, and a rotation of
colours in quantum chromodynamics (QCD). It therefore does not change the mass
of baryons in QCD, but it does change the gravitational couplings of the leptons.
Therefore, as the tidal aspects of the gravitational field vary, the individual masses
of the leptons may change, but the sum of all three is a metric on the Jordan algebra
that should remain constant [13].

2.2. Weak-strong mixing. To examine this suggestion more closely, note that
this group SO(3) commutes with the group SL2(R) = Sp1(H′) generated by the
scalar matrices, which was previously identified with the gauge group of the weak
interaction. The product of the two is a group SO(3) × SL2(R), in which SO(3)
acts as the lepton generation symmetry, and SL2(R) acts as the weak gauge group,
that separates the proton and neutron. The action of this group on the 14 di-
mensions of fermions is 9 + 5, which separates the weak triplets (three negatively
charged electrons, three neutrinos and three positively charged protons) from the
five neutrons, and describes a generation-independent form of beta decay.

Invariance of total energy under rotation of the frame of reference implies that
the total mass of the 9 particles must be equal to the total mass of the 5 particles,
in every frame of reference. In our frame of reference, the neutrino masses are
effectively zero, and there is no evidence that they are significant in any other
frame of reference either, which leads to the mass equation

m(e) +m(µ) +m(τ) + 3m(p) = 5m(n),(12)

which is known to hold to well within the limits of experimental uncertainty [13].

2.3. Fermions. The 14 fermions are the traceless Hermitian 3 × 3 matrices, but
it is not completely obvious how to embed the 2-space in the 3-space, so that the
correct basis to use is not obvious. The 6 leptons are anti-symmetric over J and
K, so in this case the best basis is probably 0 J 0

−J 0 0
0 0 0

 ,

0 0 0
0 0 J
0 −J 0

 ,

0 0 −J
0 0 0
J 0 0

 ,

 0 K 0
−K 0 0

0 0 0

 ,

0 0 0
0 0 K
0 −K 0

 ,

 0 0 −K
0 0 0
K 0 0

 .(13)

Let us for the sake of argument take the first row to represent the three generations
of neutrinos (in which momentum is the defining characteristic) and the second
row to represent the three generations of electrons (in which mass is the defining
characteristic).
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The other 8 dimensions include 3 that are antisymmetric over I, and 5 that are
symmetric over the real numbers: 0 I 0

−I 0 0
0 0 0

 ,

0 0 0
0 0 I
0 −I 0

 ,

0 0 −I
0 0 0
I 0 0

 ,

0 1 0
1 0 0
0 0 0

 ,

0 0 0
0 0 1
0 −1 0

 ,

0 0 1
0 0 0
1 0 0

 ,

1 0 0
0 −1 0
0 0 0

 ,

0 0 0
0 1 0
0 0 −1

 .(14)

These matrices are essentially the same as the Gell-Mann matrices, but here they
represent fermions, not gluons. The basis for the diagonal matrices is not obvious,
but if this is the baryon octet, with rows and columns corresponding to up, down
and strange quarks, then the diagonal matrices represent the Λ and Σ0 baryons,
both made of one of each quark, and the mixing between these is quite complicated
in the Standard Model. The other two triplets are the two triplets that have the
same total mass according to the Coleman–Glashow relation [14], forming the two
rows of the display. The first entry in each row is made of first-generation quarks,
and it would be reasonable to suppose that the real matrix is the neutron, and the
imaginary matrix is the proton. The Coleman–Glashow relation then follows from
the invariance of internal energy under rotation of the frame of reference.

2.4. Anti-Hermitian matrices. The full gauge group is Sp3(H′) ∼= Sp6(R) with
21 degrees of freedom. The electro-strong part of this is the compact subgroup
U(3), which mixes with the weak Sp1(H′) to generate the remaining 10 degrees
of freedom. The generators for SU(3) are the anti-Hermitian versions of the Gell-
Mann matrices [15], i.e. the matrices in (14) multiplied by I (or −I), and are
extended to U(3) by the scalar I. The latter matrix is also in the weak gauge group
SL2(R). The remaining 10 dimensions consist of 5 symmetric matrices each over J
and K, and extend the subgroup SO(3) of SU(3) to two different groups SL3(R),
each of which extends to GL3(R) by adjoining the corresponding scalar matrix.

0 J 0
J 0 0
0 0 0

 ,

0 0 0
0 0 J
0 J 0

 ,

0 0 J
0 0 0
J 0 0

 ,

J 0 0
0 −J 0
0 0 0

 ,

0 0 0
0 J 0
0 0 −J

 ,

 0 K 0
K 0 0
0 0 0

 ,

0 0 0
0 0 K
0 K 0

 ,

 0 0 K
0 0 0
K 0 0

 ,

K 0 0
0 −K 0
0 0 0

 ,

0 0 0
0 K 0
0 0 −K

 .(15)
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Probably the best way to visualise the whole group at once is to look at the four
different factorisations of the gauge group obtained by treating different subgroups
as scalars:

I, J,K : SL2(R) × SO(3)
I : U(1) ⊗ SU(3)
J : GL1(R) × SL3(R)
K : GL1(R) × SL3(R)

(16)

This table restricts the quaternionic scalars from the first row to smaller scalar
groups in the other three rows, and correspondingly extends the matrix groups from
the common subgroup SO(3) of rotations in phase space to larger groups. These
are SU(3), used for the strong force, and two copies of SL3(R), used in relativity.
By ignoring the quantisation with I and SU(3), it is possible to identify these two
copies of SL3(R), so that SL3(R) acts on position and momentum simultaneously,
and hence can be used in General Relativity.

The two-dimensional equivalent of this table

I, J,K : SL2(R) × SO(2)
I : U(1) ⊗ SU(2)
J : GL1(R) × SL2(R)
K : GL1(R) × SL2(R)

(17)

has all four rows being different real forms of U(2), which leads to an almost lim-
itless opportunity for confusion, and for misinterpretation. A further opportunity
for confusion is to assume, incorrectly, that the complex scalar I commutes with
J , leading to a group SL2(C), of real dimension 6, in place of the actual com-
bined group Sp4(R), of dimension 10, which contains two distinct copies of SL2(C)
interchanged by I, as explained in Section 1.5.

2.5. Planck’s constant. Quantisation arises from the fact that I2 = −1, so that
e2πI = 1 and one can count the number of rotations around the circle. The counting
is implemented by introducing Planck’s constant h as a unit of ‘rotation’ or ‘spin’.
Since Planck’s constant has units of angular momentum, that is momentum times
distance, it makes sense to assign momentum to J and distance to K (or vice
versa). Then Planck’s constant has a second interpretation as the area enclosed by
the circle in phase space, spanned by J and K.

The anti-commutation of J and K enforces the basic property of angular mo-
mentum that if the momentum and position coordinates are interchanged, then the
angular momentum is negated. In 3-dimensional space this is the fact that the an-
gular momentum is defined as p× q = −q× p, where p and q are the momentum
and position vectors in phase space relative to the chosen origin of coordinates.
The quantisation then arises automatically from the fact that Jp×Kq = I(q×p),
without the need to quantise space or momentum separately.

In other words, our quaternionic notation for the electro-weak and strong forces
in particle physics translates directly to classical Hamiltonian mechanics, without
the need for any complexification or other tweaks. The internal symmetries that
arise on the 1 and I coordinates are effectively identical to the classical Hamiltonian
symmetries that arise on the J and K coordinates. In particular, I itself represents
the Hamiltonian symmetry that swaps position with momentum, negating one of
them. It therefore generates a gauge group U(1) in both classical and quantum
physics.
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The Dirac algebra that is supposed to incorporate the Lorentz group in the form
SL2(C) = Spin(3, 1), mixing all three dimensions of space and one of time, appears
in fact to mix four dimensions of phase space instead, and only two dimensions of
space and one of time, leaving a fourth variable available for a mass parameter.
Moreover, the mixing of space with time is not necessary in order to reproduce the
entire algebraic structure of the Standard Model. What is necessary instead is a
mixing of position with momentum, so that two observers who measure different
position and momentum coordinates for an event can nevertheless agree about the
physical process that they have measured, assuming that they use Hamiltonian
mechanics to analyse the dynamics of the physical situation.

2.6. Observers. The main point of this remark is that the two observers only need
to agree on the transformation between phase space coordinates. They can then
calibrate their measurements of Planck’s constant, and hence of energy and time
and the speed of light, but there is no need for them to agree about any properties
of mass at all. They can both use whatever definitions of mass they prefer, and
still describe and predict the same physical events. For example, they may find it
useful to agree on a standard value for the mass ratio of electron and proton, for
practical purposes, but this is entirely unnecessary for the prediction of properties
of fundamental physical processes.

By this means, the right-handed part of the Dirac spinor is directly identified with
an element of phase space in two dimensions, in such a way that the third dimension
represents the direction of the angular momentum of the chosen frame of reference
relative to the local inertial frame, defined by freefall within the gravitational field.
The extension of the Dirac spinor to three dimensions therefore allows us to include
gravity within the general quantisation scheme.

3. Gravity

3.1. Principles of Hamiltonian dynamics. Hamiltonian mechanics is based on
four fundamental notions: space or position q, time t, momentum p and energy H
(the Hamiltonian). Hamilton’s equations are

dq

dt
=
∂H

∂p
,

dp

dt
= −∂H

∂q
.(18)

The left-hand side of the first equation is the velocity, and the left-hand side of the
second equation is the force. Together they imply conservation of energy, since

dH

dt
=
∂H

∂p
.
dp

dt
+
∂H

∂q
.
dq

dt

=
dq

dt
.
dp

dt
− dp

dt

dq

dt
= 0.(19)

The great advantage of the Hamiltonian approach is that it is possible to calculate
the dynamics of a system without knowing the masses of anything in the system.
Therefore Hamiltonian mechanics is routinely used in most branches of physics,
especially in quantum mechanics and condensed matter physics. But even more
important than that, there is a very obvious duality between p and q, such that if
the two are swapped, and one of them is negated, the equations remain the same.
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One can also mix and match the two by taking linear combinations of the equa-
tions, and mix the three coordinates of momentum provided the coordinates of
space are mixed in the dual manner. A duality of this kind is a symplectic duality,
so that the group of all coordinate transformations of phase space that preserve the
Hamilton equations is a symplectic group, so can be written in terms of quaternions.
If we want to interpret momentum and position as real vectors, then they must go
in the J and K coordinates of the split quaternions, so that multiplication by I
converts position into momentum and momentum back to the opposite position,
in exactly the way that a spinning object in two dimensions behaves. Hence the
group of coordinate transformations between possible observers in 2-dimensional
dynamics is Sp2(H′), acting on phase space in exactly the same way that the Dirac
algebra, or its subgroup Spin(3, 2), acts on spinors.

3.2. Principles of relativity. In order to describe gravity in 3-dimensional dy-
namics, we must extend the gauge group from Sp2(H′) to Sp3(H′) to parametrise all
possible changes of phase space coordinates between different observers. The Gen-
eral Principle of Relativity (GPR) is the principle that all observers observe the
same physics, independently of their choices of phase-space coordinates. Notice,
however, that that is not the same as the Principle of General Covariance (PGC),
that is the principle that observers can use arbitrary spacetime coordinates. The
latter principle has a gauge group GL(4,R), which is not the same as Sp3(H′).

The fact that General Relativity (GR) is based explicitly on PGC rather than
GPR [9, 10, 11] means that GR may not in fact satisfy the GPR on extreme scales
where it has not been thoroughly tested [16, 17]. On the other hand, it may be
possible to embed both groups into a larger group such as Sp4(H′) in order to
reconcile their differences [19], or it may be possible to modify GR to use the gauge
group Sp3(H′), without affecting calculations on a small timescale. The latter
proposal is considerably simpler, and therefore we should look at this one first.

The gauge group Sp3(H′) can only be used if there is a universal timescale, but
it is independent of length scale, and should therefore be able to provide a model of
gravity that can be applied on all scales. What particularly distinguishes this gauge
group from GR is that it allows for transformations between rotating frames of
reference on arbitrary scales, and therefore explicitly incorporates Mach’s Principle,
that rotation with respect to the large-scale universe can be felt locally. At the same
time Sp3(H′) contains a subgroup GL3(R) acting on the space coordinates q, so
that it should at least be able to implement the spatial parts of GR.

Although the universe has no physical centre at all, we have to put the mathe-
matical centre somewhere, and Einstein says we can put it wherever we like. Mach’s
Principle, however, tells us that we can detect our rotations and accelerations in
the wider universe by measuring mass. More or less any mass measurement will
do, for example measuring the mass ratios of elementary particles, or mass ra-
tios of different copies of the International Prototype Kilogram (IPK). The way
that the Hamiltonian model achieves this is by modelling a rotation in 2-space via
the Hamiltonian gauge group GL2(R), rather than the equivalent version of the
Lorentz group, SO(2, 1). Since GL2(R)/GL1(R) ∼= SO(2, 1), we achieve all the
Lorentz transformations as usual, but with a scalar mass term that is covariant
rather than invariant under 3-dimensional rotations. Hence the model can deal
with issues of modified inertia (MI) or modified gravity (MG) used in modified
Newtonian dynamics (MOND) [20, 21, 22, 23, 24, 25].
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3.3. Algebraic structure of the tensors. By working now over the algebra of
split quaternions H′, we have Hermitian and anti-Hermitian tensors written as 1×1,
2 × 2 and 3 × 3 matrices. The 3 × 3 case contains 15 Hermitian tensors, forming
a Jordan algebra splitting as 1 + 14, and 21 anti-Hermitian tensors, forming an
irreducible Lie algebra and generating the gauge group. This compares to the GR
gauge group SL4(R) = Spin(3, 3), whose irreducible 15-dimensional Lie algebra
consistis of 6 × 6 anti-symmetric real matrices, acting on the Jordan algebra of
symmetric matrices, which splits as 1 + 20 to give the Riemann Curvature Tensor.
The two things look more or less the same, except for the fundamental difference
that the Jordan algebra and the Lie algebra have been swapped round.

If we now look at the 2 × 2 case, then in the symplectic Hamiltonian model
the Jordan algebra splits as 1 + 5 and the Lie algebra is irreducible of dimension
10. Again, we see in GR the tensors on real 4-space splitting as the Lie algebra for
SO(3, 1) of dimension 6, plus the Jordan algebra of symmetric tensors, representing
the Ricci tensor, which splits as 1 + 9 into the Ricci scalar plus the Einstein tensor.
In the 1 × 1 case, the Hamiltonian model contains a trivial 1-dimensional Jordan
algebra, plus a 3-dimensional Lie algebra of the gauge group SL2(R), while the GR
model on 2 × 2 real matrices contains a 1-dimensional Lie algebra, generating a
gauge group U(1), plus a 3-dimensional Jordan algebra, splitting as 1 + 2.

3.4. The source of the problem. The incompatibility between GR and particle
physics now looks to be due to a systematic swapping of the Lie algebra with
the Jordan algebra between the two theories. If we suppose that one is right and
the other is wrong, then which one is which? We have already seen that the
SMPP is compatible with the basic principles of Hamiltonian dynamics, provided
we interpret the unexplained concepts such as spinors and colours appropriately
in terms of phase space. The gauge groups of particle physics embed suitably
in the overall gauge group Sp3(H′), but they do not all embed in the gauge group
SL4(R) used in GR. Moreover, the latter gauge group is incompatible with the basic
principles of Hamiltonian dynamics, since it does not embed in Sp3(H′). Therefore
we must conclude that SMPP is essentially correct, as is strongly confirmed by
experiment, and GR is incorrect, and does not scale from Solar System dynamics
to galaxy dynamics, as is strongly confirmed by astronomical observations [16, 17,
18, 24].

The mathematical inconsistency at the heart of this confusion is to put an or-
thogonal duality on to phase space, gauged by SO(3, 3), when the natural duality
on phase space is in fact symplectic [26], and is gauged by Sp3(H′) ∼= Sp6(R). There
is therefore no possible way to re-interpret GR as a correct Hamiltonian theory of
gravity. However, if we are prepared to do without mixing of time with space, and
restrict to GL3(R) acting on space coordinates, and dually on momentum coordi-
nates, then the two models are compatible.

An equivalent way to look at this issue is to look at Lorentz transformations
as transformations on phase space, rather than on spacetime. Lorentz transfor-
mations on 1 + 1 spacetime generate SO(1, 1), while on 1 + 1 phase space they
generate GL1(R) ∼= Z2 × SO(1, 1). Hence the standard interpretation works fine
by just ignoring the sign. In 2 + 2 phase space we have GL2(R), while on 2 + 1
spacetime we get SO(2, 1) ∼= GL2(R)/GL1(R), so again we can recover the stan-
dard interpretation by ignoring the real scalars. But in 3 + 3 phase space the group
GL3(R) is completely unrelated to the Lorentz group SO(3, 1).



A CLIFFORD ALGEBRA MODEL IN PHASE SPACE 11

3.5. Quantum gravity. With these preliminaries, we have a clear strategy for
constructing a quantum theory of gravity. Moreover, this quantum theory of gravity
already exists: it is called the Standard Model of Particle Physics. All we need to
do is adjust the interpretations a little bit. The main issue is that by swapping
Lie algebras with Jordan algebras, we have inadvertently swapped fermions with
bosons. All attempts to add such a ‘supersymmetry’ between fermions and bosons
have failed experimentally. They also fail theoretically, because the dimension of
the Lie algebra is different from the dimension of the Jordan algebra.

Therefore, the theoretical spin 2 graviton proposed by GR is not a boson at all, it
is a fermion. It exists in the SMPP, and is called the neutrino. Normally, one would
assume that this Jordan algebra consists of three neutrinos and three anti-neutrinos,
one each for each generation of electrons. But the Jordan algebra splits as 1 + 5, so
there are only 5 dimensions of neutrinos, not 6. The neutrinos therefore oscillate
between flavours under the influence of the tidal forces of gravity. The scalar that
splits off is the energy, which for a given observer in a particular gravitational field
can also be interpreted as mass. But mass is a Newtonian concept, or strictly
speaking two Newtonian concepts (inertia and gravity), that does not exist in true
Hamiltonian dynamics, so we are better off without it [27].

The original Newtonian concept of gravitational mass is the quantity we now
write as GM , which has dimensions L3T−2, and is in principle independent of the
inertial mass, defined by F = ma. It is curious that these are the dimensions of
the determinant on the 5-vector representation of SO(3, 2), if interpreted as acting
on 3 dimensions of space and 2 of inverse time. We have translated this group
to Hamiltonian dynamics via the isomorphism Spin(3, 2) ∼= Sp4(R), and quantised
via the isomorphism Sp4(R) ∼= Sp2(H′). It is therefore a type of mass defined
by 2-dimensional Hamiltonian dynamics, whereas the inertial mass is defined by
1-dimensional Hamiltonian dynamics. By embedding the two into 3-dimensional
Hamiltonian dynamics by splitting space into 1 + 2 dimensions, we obtain a type of
duality between the Newtonian inertial and gravitational masses. This gives us the
opportunity to develop a model in which inertial and gravitational masses transform
differently between different observers, so that the Weak Equivalence Principle
(WEP) is a purely local equivalence appropriate for a purely local observer.

Note also that the definition of mass in Einstein’s mass formula is the square
root of the determinant of a complex 2× 2 matrix(

E + p3 p1 + ip2
p1 − ip2 E − p3

)
.(20)

This is the natural form in which the mass appears as a Lorentz-invariant concept,
with SL2(C) acting on the matrices and fixing the determinant. The proposed ex-
tension to 3×3 quaternionic matrices suggests that the cube root of the determinant
of a 3 × 3 matrix might be a more appropriate definition. However, quaternionic
determinants are not well-defined, which suggests that a restriction to matrices over
a commutative subalgebra C′ is required, in order to reduce the symmetry group
to GL3(R) in which the determinant is well-defined. A definition of mass along
these lines would then be invariant under SL3(R) acting on phase space, rather
than SO(3, 1) acting on spacetime, but would still be a concept on which all iner-
tial observers could agree. However, non-inertial observers would measure different
masses from those measured by inertial observers.
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4. Conclusion

By reducing the SMPP and GR to their fundamental algebraic constituents, we
have traced the inconsistency between them to a switch between Lie algebras and
Jordan algebras. Since there is no mathematical equivalence between these two
types of algebras, there is no way to reconcile the two theories except by declaring
that (at least) one of them is wrong. By applying the basic principles of Hamiltonian
dynamics and gauge theory, we have found no flaw in SMPP, beyond a few details
of interpretation. This conclusion is also strongly supported by experiment.

On the other hand, we have found that GR is inconsistent with the fundamental
principle that every observer must be able to describe physical reality in their own
coordinate system for phase space. We are therefore obliged to conclude that GR
is fundamentally flawed, and must be abandoned as a theory of gravity. It gives
correct answers on a Solar System scale in which only small perturbations from
Newtonian gravity are required, but it is not scale-invariant (renormalizable), so
cannot be applied on significantly larger scales.

Astronomical observations have by now demonstrated that the scale at which
Newtonian gravity for isolated binary star systems fails in the local part of the
Milky Way is approximately three orders of magnitude greater than the Earth’s
orbit around the Sun [17, 18]. Their analysis suggests that the ‘External Field
Effect’ in MOND may be the driving factor behind this non-Newtonian behaviour,
so that the system must be treated as a three-body problem, involving the Galaxy
as a whole, not a two-body problem consisting of the two stars in isolation.

The orbit of the combined binary star system around the galaxy occupies one
quaternionic dimension in phase space, and the orbits of the two stars around each
other occupy the other two. The dynamics are therefore completely different from
the dynamics of a single orbiting system. Moreover, the angle of inclination of the
binary star system to the galactic plane is a crucial parameter in these dynamics.
Since Hamiltonian dynamics is renormalizable, such angles of inclination should
also appear in particle physics, if a calibration of inertial mass against gravitational
mass is required [27, 28, 29].

Of course, the suggestions made in this paper do not amount to a new model
of physics. The purpose of the paper is solely to identify and eradicate the math-
ematical inconsistencies that are known to exist in the standard models, so as to
provide a mathematically consistent and rigorous foundation on which it should be
possible to build a revised model, that differs from the accepted standard ones in
only a few small but important details.
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